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ABSTRACT
YANG-MILLS THEORIES AS DEFORMATIONS OF
MASSIVE INTEGRABLE MODELS
by
Axel Corte´s Cubero
Advisor: Prof. Peter Orland
Yang Mills theory in 2+1 dimensions can be expressed as an array of coupled (1+1)-
dimensional principal chiral sigma models. The SU(N) × SU(N) principal chiral sigma
model in 1+1 dimensions is integrable, asymptotically free and has massive excitations. We
calculate all the form factors and two-point correlation functions of the Noether current and
energy-momentum tensor, in ’t Hooft’s large-N limit (some form factors can be found even at
finiteN). We use these new form factors to calculate physical quantities in (2+1)-dimensional
Yang-Mills theory, generalizing previous SU(2) results from references [1], [2], [3], to SU(N).
The anisotropic gauge theory is related to standard isotropic one by a Wilsonian renormal-
ization group with ellipsoidal cutoffs in momentum. We calculate quantum corrections to
the effective action of QED and QCD, as the theory flows from isotropic to anisotropic.
The exact principal chiral sigma model S-matrix is used to examine the spectrum of (1+1)-
dimensional massive Yang Mills theory.
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Chapter 1
Introduction
1.1 Introduction
Quantum chromodynamics (QCD) is the quantum field theory describing the interaction of
quarks and gluons. The dynamics of hadrons and nuclei emerges from QCD. In QCD the
interactions between particles are strong and the observed physical states are bound states
of fundamental particles. Therefore to fully understand QCD, one needs methods beyond
perturbation theory.
The most successful non-perturbative tool in QCD is numerical lattice simulation. Nu-
merical methods provide accurate results in scenarios where perturbation theory fails. Un-
fortunately, we lack a mathematical route to complement them. Numerical simulations are
invaluable for finding bound state masses and string tensions, but they do not elucidate
qualitatively the mechanism of how bound states form or how quarks are confined.
In this thesis, we develop analytical methods to examine field theories, with an eye
towards QCD. We discuss an anisotropic version of QCD, where the constants coupling the
1
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different vector components of the gluon field have different strengths. This is understood
as a longitudinal rescaling of the coordinates. If two of the four space-time coordinates in
QCD (say one space direction, x3, and the time direction, x0) are rescaled by a parameter
λ (replacing them by λx3 and λx0, respectively), we obtain an action with new couplings
dependent on λ. We consider the limit where this parameter λ goes to zero. We can perturb
in powers of λ instead of powers of the coupling constant.
The anisotropic regime of QCD has important applications in the physics of heavy-ion
collisions at RHIC and the LHC. Verlinde and Verlinde [5] have argued that the longitudinally
rescaled action yields BFKL theory [6]. McLerran and Venugopalan used a similar idea to
derive the Color-Glass Condensate picture [7].
We view the anisotropic model as an array of two-dimensional field theories, coupled
together to form a higher-dimensional theory. The strength of the coupling between these
two-dimensional models depends on the rescaling parameter λ. The two-dimensional theory
is the principal chiral sigma model (PCSM) [4]. The PCSM is known to be integrable, and
this property has been exploited to find exact results. The main goal of our program is to
use exact results from the PCSM to calculate physical quantities in anisotropic QCD, finding
corrections for small λ.
This approach is especially interesting for (2 + 1)-dimensional QCD, since there are two
different coupling constants for the gluon field, but they are both small compared to the
cutoff. This makes our approach fundamentally different from other analytic studies of
(2 + 1)-dimensional QCD (which are generally at large dimensionless coupling, far from the
continuum limit) [8], [9].
In the remainder of this chapter, we give a brief introduction to QCD and Yang-Mills
theory in 3+1, and 2+1 space-time dimensions, both in the continuum and on a lattice.
2
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In Chapter 2, we discuss the Hamiltonian of longitudinally-rescaled QCD. In 2+1 dimen-
sions, we show how the anisotropic Hamiltonian is equivalent to an array of PCSM’s.
In Chapter 3, we present a short introduction to the integrable bootstrap program in 1+1
dimensions. We discuss the general procedure of calculating exact S-matrices using elasticity
and factorization. The S-matrix and some other assumptions can be used to calculate exact
form factors and correlation functions.
In Chapter 4, we apply the integrable bootstrap program to the PCSM. This is very
difficult, in general, unless we take ’t Hooft’s large-N limit. We calculate all the exact form
factors of the Noether current and energy-momentum tensor operators. These form factors
are then used to calculate the exact two-point function of these operators. For finite N , we
are only able to find the first nontrivial form factor.
In Chapter 5, we study the (1 + 1)-dimensional massive Yang-Mills theory. This model
can be understood as a gauged PCSM. Using the exact PCSM S-matrix, we calculate the
mass spectrum.
In Chapter 6, we use the PCSM S-matrix and the exact finite-N current form factor
to compute some physical quantities in (2+1)-dimensional anisotropic Yang-Mills theory.
We first compute the low-lying glueball spectrum (which is very similar to the massive
spectrum from Chapter 5). We then compute the string tension for a static quark-antiquark
pair. Because the theory is anisotropic, the string tension will be different if the quarks are
separated in the x1− or the x2−direction. These SU(N) results generalize those obtained
by Orland for N = 2.
In Chapter 7, we explore the quantum effects of longitudinal rescaling. Rescaling the
coordinates changes the ultraviolet cutoffs of the theory. We therefore need a renormal-
ization group to see how the couplings run in the quantum theory as we go from isotropic
3
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to anisotropic momentum cutoffs. To illustrate this idea, we first examine quantum elec-
trodynamics in 3+1 dimensions, with massless electrons. We then apply the anisotropic-
renormalization group to (3+1)-dimensional QCD, with massless quarks.
We summarize our results and discuss possible future projects in the last chapter.
1.2 QCD and Yang-Mills theory
In this section, we present the QCD action and Hamiltonian, as well as some notation and
conventions that will be used throughout this thesis.
The Dirac action for N free massless fermions in 3 + 1 dimensions is
SDirac = i
∫
d4x ψ¯aγµ∂µψ
a, (1.2.1)
where γµ are the Dirac matrices, which satisfy {γµ, γν} = 2ηµν1, where ηµν is the Minkowski
metric with µ, ν = 0, 1, 2, 3, and a = 1, 2, . . . , N (where N = 3 in quantum chromody-
namics). The action (1.2.1) is invariant under the global SU(N) transformation, ψ(x) →
V ψ(x), where V ∈ SU(N). This symmetry is promoted to a local gauge symmetry by
introducing an SU(N)-algebra-valued gauge field Aµ(x)
ab that transforms as Aµ(x)
ab →
V †(x)caAµ(x)
cdV (x)db− i
g0
V †(x)caδcd∂µV (x)
db. Introducing the covariant derivativeDµ(x)
ab =
δab∂µ − ig0Aµ(x)ab, the gauged Dirac action is
SDirac = i
∫
d4x ψ¯aγµDabµ ψ
b. (1.2.2)
4
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The gauge field can be made dynamical by adding a Yang-Mills term to the action:
SYM = −
∫
d4x
1
4
TrFµνF
µν , (1.2.3)
where Fµν =
i
g0
[Dµ, Dν ]. The gauge field can be expressed in terms of the generators of
SU(N), Aab = A
α tαab, where α = 1, 2, . . . , N
2 − 1, and the generators satisfy the lie algebra,
[tα, tβ] = ifαβγtγ , where fαβγ are the SU(N) structure constants. We normalize the gener-
ators by Tr tα tβ = δαβ . Henceforth we will rescale the gauge field as Aµ → 1g0Aµ, so that
SYM = −
∫
d4x 1
4g20
TrFµνF
µν
We now find the Hamiltonian that corresponds to the Yang-Mills action (1.2.3). We will
work in the temporal gauge, A0 = 0. This is an incomplete gauge fixing, which still allows
time-independent gauge transformations. In the next chapter we restrict this remaining
gauge freedom, by imposing the additional axial gauge condition, A1 = 0 on the Hilbert
space.
The Yang-Mills action in temporal gauge is
SYM =
∫
d4x
(
3∑
i=1
1
2g20
Tr ∂0Ai∂0A
i −
3∑
i,j=1
1
4g20
FijF
ij
)
(1.2.4)
The conjugate-momentum field or electric field is Ei = −iδ/δAi. The Hamiltonian is
HYM =
∫
d3x
3∑
i=1
(
g20
2
E2i +
1
2g20
B2i
)
,
where Bi =
1
2
ǫijkFjk is the magnetic field. In the temporal gauge, we enforce the Gauss-law
5
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constraint on physical wave functionals Ψ:
(
3∑
i=1
DiE
i − ρ
)
Ψ = 0,
where ρ is the charge density of the Dirac field.
In 2+1 dimensions, there is only one component of the magnetic field, namely B = 1
2
ǫijFij ,
where i, j = 1, 2. The (2 + 1)-dimensional Yang-Mills Hamiltonian is
H
(2+1)
YM =
∫
d2x
(
2∑
i=1
g20
2
E2i +
1
2g20
B2
)
.
1.3 Lattice gauge theory
In this section we present the action of the lattice Yang-Mills theory, first formulated by
Wilson [10]. We find the Hamiltonian as the x0 direction becomes continuous, as first
discussed by Kogut and Susskind [11].
Wilson’s lattice gauge theory is formulated on a 4-dimensional, hypercubic lattice, in
Euclidean space. The distance between two neighboring lattice sites is a, which we call the
lattice spacing. We denote a unit vector in the µ direction by µˆ. We label the link between
the nearest-neighbor space-time points x and x+ aµˆ, by (x, µ).
We assign the SU(N)-group-valued gauge field on the link (x, µ), written as U(x)µ ∈
SU(N). This field is related to the continuum SU(N)-algebra valued field by
U(x)µ = P exp i
∫ a
0
dtAµ(x+ tµˆ),
where P denotes path ordering. Under a local gauge transformation, the gauge field trans-
6
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forms as Ux,µ → V (x)U(x)µV †(x+aµˆ), where V (x) ∈ SU(N). The simplest gauge-invariant
object we can construct out of the gauge fields is defined at a plaquette or elementary square
made of the four links (x, µ), (x+ aµˆ, ν), (x+ aνˆ, µ) and (x, ν). This object is TrU(x)µν ,
where
U(x)µν = U(x)µU(x+ aµˆ)νU
†(x+ aνˆ)µU
†(x)ν .
The simplest gauge-invariant action one can construct is
SW = C
∑
x,µ,ν
Tr
[
U(x)µν + U
(x)†µν
]
, (1.3.1)
which is called the Wilson action. The Yang-Mills action is the continuum limit a → 0, of
the Wilson action, with C = −a2/g20.
A detailed introduction to Hamiltonian lattice gauge theory is given in References [12],
[13]. The Kogut-Susskind lattice Hamiltonian is usually derived in the temporal gauge,
U(x)0 = 1.
In the Hamiltonian formulation, there are electric-field operators l(x)bj in the adjoint
representation of SU(N), at every space link (x, j), for j = 1, 2, 3 and b = 1, 2, . . . , N2 − 1.
The commutation relations are
[
l(x)bj , l(y)
c
k
]
= iδx yδj kf
dbcl(x)j d,[
l(x)bj, U(y)k
]
= −δx yδj k tbU(x)j .
The Hamiltonian is obtained by taking the continuum limit in the time direction. The
7
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Kogut-Susskind Hamiltonian, inside a box of size (aL)3, is
H =
L
2∑
x1,x2,x3=−L
2
3∑
j=1
N2−1∑
b=1
g20
2a
[
l(x)bj
]2
−
L
2∑
x1,x2,x3=−L
2
3∑
b=1
1
4g20 a
Tr
[
U(x)jk +
(
U(x)jk
)†]
,
where L is an even integer. The quantities U(x)jk, assigned to space-like plaquettes, are
associated with the magnetic-field in the continuum limit. They may be expanded in powers
of the lattice spacing to yield
U(x)jk = 1 + iaFjk(x)− a2Fjk(x)2 + · · · .
In 2 + 1 dimensions, the lattice Hamiltonian is
H =
L
2∑
x1,x2=−L
2
2∑
j=1
N2−1∑
b=1
g20
2a
[
l(x)bj
]2
−
L
2∑
x1,x2=−L
2
2∑
b=1
1
4g20 a
Tr
[
U(x)12 +
(
U(x)21
)†]
.
In temporal gauge, physical states are those which satisfy Gauss’s law:
d−1∑
j=1
[Djlj(x)]bΨ = 0, (1.3.2)
8
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where
[Djlj(x)]b = lj(x)−Rj(x− jˆa) cb lj(x− jˆa)c,
where Rj(x) cb tc is the adjoint representation of the gauge field,
Rj(x) cb tc = Uj(x)tbU †j (x),
and d is the number of space-time dimensions [4].
9
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Longitudinally rescaled Yang-Mills
theory
2.1 Longitudinal rescaling of the Yang-Mills action
We seek an effective theory of QCD at large center-of-mass energies. The particle beams
in a collider are assumed to travel in the longitudinal x3-direction. Thus we want (in our
effective theory) four-momenta to have large components in the x0- and x3-directions, but
not in the x1- and x2-directions. This effective theory is an anisotropic version of Yang-Mills
theory, where two of the coordinates, x0 and x3, are rescaled to λx0 and λx3, respectively.
Under this rescaling, the gauge fields transform as A0,3 → λ−1A0,3. The remaining transverse
space-time coordinates are left unchanged: x1,2 → x1,2, A1,2 → A1,2. Under this rescaling,
the Yang-Mills action becomes
S −→ 1
2g20
∫
d4xTr
(
F 201 + F
2
02 − F 213 − F 223 + λ−2F 203 − λ2F 212
)
.
10
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For much of this thesis, we will examine the simpler (2+1)-dimensional Yang-Mills theory.
in this case we rescale the longitudinal coordinates as x0,1 → λx0,1 and leave the transverse
coordinate unchanged, x2 → x2. The rescaled (2+1)-dimensional action is
S → 1
2g20
∫
d4xTr (F 202 − F 212 + λ−2F 201).
The longitudinally rescaled (2+1)-dimensional Hamiltonian, in temporal gauge (A0 = 0),
is
H = H0 + λ
2H1, (2.1.1)
where
H0 =
∫
d2x
(
g20
2
E22 +
1
2g20
B2
)
,
and
H1 =
∫
d2x
g20
2
E21 ,
where Ei = −iδ/δAi, B = ǫjk(∂jAk+Aj×Ak), where i, j, k = 1, 2 and (Aj×Ak)a = fabcAbjAck.
Physical states Ψ satisfy Gauss’s law:
(D1E1 +D2E2)Ψ = 0. (2.1.2)
The Hamiltonian (2.1.1) is simplified in the highly rescaled limit, λ→ 0. In this case we
can treat the term λ2H1 as a small perturbation. We will show in the next sections that the
11
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unperturbed Hamiltonian H0 is integrable. Our goal is to calculate exact quantities in the
unperturbed theory, then calculate corrections in powers of the small parameter λ2.
A similar perturbation theory is possible in 3+1 dimensions [14]. The longitudinally
rescaled Hamiltonian in temporal gauge is
H = H0 + λ
2H1 + λ
2H2,
where
H0 =
∫
d3x
(
g20
2
E21 +
g20
2
E22 +
1
2g20
B21 +
1
2g20
B22
)
,
H1 =
∫
d3x
g20
2
E23 ,
and
H2 =
∫
d3x
1
2g20
B23 ,
where Bi = ǫ
ijk(∂jAk + Aj × Ak), with i, j, k = 1, 2, 3.
In the next section we examine the (2+1)-dimensional Hamiltonian (2.1.1) in the axial
gauge, A1 = 0. Then we consider this Hamiltonian on the lattice. As λ → 0, the lattice
model is an array of integrable PCSM’s.
12
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2.2 The Yang-Mills Hamiltonian in the axial gauge in
2+1 dimensions
The Yang-Mills Hamiltonian in 2+1 dimensions, in A0 = 0 gauge is
H =
∫
d2x
(
g20
2
E21 +
g20
2
E22 +
1
2g20
B2
)
.
Gauss’s law (Eq. (2.1.2)) may be written more explicitly in terms of the gauge fields as
{[
δac∂1 + gofabcA1(x
1, x2)b
]
E1(x
1, x2)c
+
[
δac∂2 + gofabcA2(x
1, x2)b
]
E2(x
1, x2)c
}
Ψ = 0. (2.2.1)
We can solve (2.2.1) to find E1, in terms ofA1, A2, and E2. With the boundary conditions,
E1 → 0 as x1 → ±∞:
E1(x
1, x2)a =
∫ x1
−∞
dy1
{
P exp
[
ie
∫ y1
−∞
dz1A1(x1, x2)
]} b
a
×{[δbd∂2 + g0fbcdA2(y1, x2)c]E2(y1, x2)d}
where A1(x1, x2)ab = ifabcA1(x1, x2)c is the gauge field in the adjoint representation. There
remains a global invariance given by

∫ ∞
−∞
dy1
{
P exp
[
ie
∫ y1
−∞
dz1A1(x1, x2)
]} b
a
[(
δbd∂2 + g0fbcdA2(y
1, x2)c
)
E2(y
1, x2)d
]Ψ =0.
The temporal gauge condition, A0 = 0 does not completely fix the gauge. Time-
13
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independent gauge transformations are consistent with this condition. We may now impose
the axial gauge, A1(x
1, x2) = 0.
In the axial gauge, the electric field E1 is
E1(x
1, x2)a =
∫ x1
−∞
dy1
[
δac∂2 + g0fabcA2(y
1, x2)b)E2(y
1, x2)c
]
=
∫ x1
−∞
dy1D2(y
1, x2)acE2(y
1, x2)c. (2.2.2)
After axial gauge fixing, there remains an invariance:
{∫ ∞
−∞
dy1
[
(δac∂2 + g0fabcA2(y
1, x2)b)E2(y
1, x2)c
]}
Ψ = 0. (2.2.3)
The condition (2.2.3) is imposed on the wave functional for each value of x2.
Substituting Eq. (2.2.2) into the Hamiltonian:
H =
∫
d2x
{
g20
2
E2(x
1, x2)2 +
1
2
[∂1A2(x
1, x1)]2
}
−
∫
dx1
∫
dy1
∫
dx2|x1 − y1|[D2(x1, x2)E2(x1, x2)]
×[D2(y1, x2)E2(y1, x2)]. (2.2.4)
The Hamiltonian (2.2.4) depends only on the transverse degrees of freedom A2 and E2. This
Hamiltonian is nonlocal in the x1-direction, which is an artifact of the axial gauge fixing.
Eq. (2.2.4) can be made local, by reintroducing the A0 component of the gauge field.
14
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2.3 The Kogut-Susskind lattice Hamiltonian in the ax-
ial gauge
The Kogut-Susskind Hamiltonian in 2+1 dimensions, in temporal gauge (A0 = 0, U0 = 1),
is
H =
L1
2∑
x1=−
L1
2
L2
2∑
x2=−
L2
2
2∑
j=1
N2−1∑
b=1
g20
2a
[lj(x)b]
2
−
L1
2∑
x1=−
L1
2
L2
2∑
x2=−
L2
2
1
4g20a
[TrU12(x) + TrU

21(x)], (2.3.1)
where
Ujk(x) = Uj(x)Uk(x+ jˆa)Uj(x+ kˆa)
†Uk(x)
†.
We will impose axial gauge for the lattice model, just as we did in the previous section
for the continuum gauge theory. We find the electric field component l1 by solving Gauss’s
law (1.3.2):
l1(x
1, x2)b =
x1∑
y1=−
L1
2
[D2l2(y1, x2)]b. (2.3.2)
There is a global invariance left after the axial gauge fixing U1(x) = 1:
L1
2∑
x1=−
L1
2
[D2l2(x1, x2)]bΨ = 0. (2.3.3)
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The lattice Hamiltonian in axial gauge is found by substituting the new nonlocal expres-
sion for the electric field (2.3.2) into (2.3.1):
H =
L1
2∑
x1=−
L1
2
L2
2∑
x2=−
L2
2
g20
2a
[l2(x)]
2
−
L1
2∑
x1=−
L1
2
L2
2∑
x2=−
L2
2
1
2g20a
[TrU2(x
1, x2)†U2(x
1 + a, x2) + c.c.]
−(g
′
0)
2
2a
L1
2∑
x1=−
L1
2
L1
2∑
y1=−
L1
2
L2
2∑
x2=−
L2
2
|x1 − y1|
×[l2(x1, x2)−R2(x1, x2 − a)l2(x1, x2 − a)]
×[l2(y1, x2)−R2(y1, x2 − a)l2(y1, x2 − a)]. (2.3.4)
The Hamiltonian (2.3.4) is the discretized version of (2.2.4). Like (2.2.4), (2.3.4) is nonlocal
in x1, and depends only on the transverse degrees of freedom U2, l2. In the following section
we explore the longitudinal rescaling of coordinates on the Hamiltonian (2.3.4).
2.4 Anisotropic Yang-Mills as an array of sigma mod-
els
Next we find the effect of longitudinal rescaling, x0,1 → λx0,1, x2 → x2 to a lattice gauge
theory. The longitudinally-rescaled lattice has spacing λa in the x0,1 directions and spacing
a in the x2 direction. In the λ → 0 limit, it is sensible to treat x0 and x1 as continuous
directions, and x2 discrete.
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Longitudinally rescaling the lattice Hamiltonian (2.3.4), gives H = H0 + λ
2H1, where
H0 =
L1
2∑
x1=−
L1
2
L2
2∑
x2=−
L2
2
g20
2a
[l2(x)]
2
−
L1
2∑
x1=−
L1
2
L2
2∑
x2=−
L2
2
1
2g20a
[TrU2(x
1, x2)†U2(x
1 + a, x2) + c.c.],
H1 = −(g
′
0)
2
2a
L1
2∑
x1=−
L1
2
L1
2∑
y1=−
L1
2
L2
2∑
x2=−
L2
2
|x1 − y1|
×[l2(x1, x2)−R2(x1, x2 − a)l2(x1, x2 − a)]
×[l2(y1, x2)−R2(y1, x2 − a)l2(y1, x2 − a)].
Henceforth we drop the Lorentz index 2 from U2, l2.
We treat H1 as a perturbation. In the interaction representation, U satisfies the Heisen-
berg equation of motion, ∂0U = i[H0, U ]. The solution of this equation of motion is
l(x1, x2)b =
ia
g20
Tr tb∂0U(x
1, x2)U(x1, x2)†,
R(x1, x2) cb l(x1, x2)c =
ia
g20
Tr tbU(x
1, x2)†∂0U(x
1, x2). (2.4.1)
Substituting (2.4.1) into H0, and taking the continuum limit in the x
1 direction, we find
H0 =
∑
x2
H0(x
2) =
∑
x2
∫
dx1
1
2g20
{[
jL0 (x
1, x2)b
]2
+
[
jL1 (x
1, x2)b
]2}
=
∑
x2
∫
dx1
1
2g20
{[
jR0 (x
1, x2)b
]2
+
[
jR1 (x
1, x2)b
]2}
,
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where
jLµ (x)b = iTr tb∂µU(x)U(x)
†, jRµ (x)b = iTr tbU(x)
†∂µU(x), (2.4.2)
where µ = 0, 1.
We now note that H0(x
2) is the Hamiltonian of a (1+1)-dimensional principal chiral
sigma model located at x2. The principal chiral sigma model has the action
LPCSM =
∫
d2x
1
2g20
ηµνTr ∂µU
†∂νU. (2.4.3)
This model has a global SU(N) × SU(N) symmetry given by the transformation U(x) →
V LU(x)V R, where V L,R ∈ SU(N). The Noether currents corresponding to these global
symmetries are jL,R given in (2.4.2). The Hamiltonian corresponding to the action (2.4.3) of
a single principal chiral sigma model at fixed x2 is H0(x
2). The unperturbed Hamiltonian,
H0, is an array of principal chiral sigma models, one at each value of x
2,
H0 =
∑
x2
H0(x
2) =
∑
x2
HPCSM(x
2).
The residual Gauss’s law, (2.3.3) becomes
∫
dx1
[
jL0 (x
1, x2)b − jR0 (x1, x2 − a)b
]
Ψ = 0,
for each value of x2, when x1 is continuous.
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Using (2.4.1), we write the interaction Hamiltonian H1 in the continuous x
1 limit:
H1 =
∑
x2
∫
dx1
∫
dy1
1
4g20a
|x1 − y1|
× [jL0 (x1, x2)− jR0 (x1, x2 − a)]
× [jL0 (y1, x2)− jR0 (y1, x2 − a)] . (2.4.4)
The Hamiltonian (2.4.4) couples adjacent sigma models, which allows particles to propagate
in the x2 direction. The coupling is suppressed in the λ→ 0 limit.
To summarize, longitudinally-rescaled Yang-Mills theory in 2 + 1 dimensions consists of
an array of principal chiral sigma models. The principal chiral sigma model is integrable and
many exact results can be found.
The next chapter is a brief review of integrable quantum field theories in 1+1 dimensions.
In Chapter 4, we find exact form factors of the principal chiral sigma model, guided by its
integrability. In Chapters 5 and 6 we apply these results to Yang-Mills theories.
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Chapter 3
Integrable quantum field theory and
form factor axioms
3.1 Integrability in quantum field theories
An integrable field theory has an infinite set of nontrivial local conserved charges, which are
Lorentz tensors of increasing rank. We will call Qn a conserved charge of rank n (with n
Lorentz indices).
The existence of this set conserved charges has dramatic consequences in quantum field
theory. In an integrable quantum field theory, all scattering is elastic. This means that in any
scattering event the total number of particles is conserved, and furthermore, the set of their
momenta is conserved. All scattering in an integrable quantum field theory is factorizable.
A many-particle S-matrix can be broken down into a product of two-particle scatterings.
The different ways one can factorize an S-matrix must be equivalent. From this follows that
the two-particle S-matrix satisfies the Yang-Baxter equation (which we will discuss in more
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detail in the next section).
These restrictions, along with other physical considerations (like unitarity of the S-matrix,
crossing symmetry, and analyticity), allow us to find the two-particle S-matrix exactly in
many integrable field theories. In the rest of this section we briefly explain how elasticity
and factorization follow from the existence of the set of charges Qn.
We now examine the scattering of l particles into k particles in a generic integrable
quantum field theory. A state with one particle in 1+1 dimensions is characterized by its
two-momentum, p, and some set of quantum numbers c (these could include color, isospin,
flavor, etc.). We define a state with l incoming particles as
|l, {p}, {c}〉in = |p1, c1; p2, c2; . . . ; pl, cl〉in,
where we assume that the incoming particles are widely separated in the infinite past. We
can similarly define the k-particle outgoing state
|k, {p′}, {c′}〉out = |p′1, c′1; p′2, c′2; . . . ; p′l, c′l〉out.
Acting with the conserved charge Qn in the incoming and outgoing states yields
Qn|l, {p}, {c}〉in =
l∑
i=1
qn(pi)
c′i
ci|l, {p}, {c′}〉in,
Qn|k, {p′}, {c}〉out =
k∑
i=1
qn(p
′
i)
c′i
ci|k, {p′}, {c′}〉out,
where qn(pi) is some polynomial of rank n of the energy and momentum of the i-th par-
ticle. The charges Qn are locally conserved, which means that we can add the individual
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contributions from each particle qn if the particles are widely separated. The fact that Qn
is conserved implies
l∑
i=1
qn(pi)
c′i
ci =
k∑
i=1
qn(p
′
i)
c′i
ci. (3.1.1)
If there is an infinite number of charges Qn, there is an infinite number of polynomial
equations (3.1.1) of increasing rank that need to be satisfied by only l + k variables. The
only way way these infinite set of conditions can be satisfied is if l = k, and the set of
momenta satisfies {p} = {p′}. Thus all scattering events are elastic.
To verify the factorizability of the S-matrix, we examine the Fourier transform of the
incoming state:
|l, {x}, {c}〉in =
(
l∏
i=1
dpie
ipi(xi−x0i )
)
|l, {p}, {c}〉in,
where the center of mass of the i-th particle is located at x0i . We can now operate on the
state |l, {x}, {c}〉in with the operator eiǫQn:
eiǫQn|l, {x}, {c}〉in =
(
l∏
i=1
eiǫqn(pi)
)
|l, {x}, {c}〉in. (3.1.2)
The operator, eiǫQn, commutes with the Hamiltonian, so it does not alter the S-matrix. In the
incoming state from Eq. (3.1.2), the i-th particle is now centered at x0i − ǫ(dqn(pi)/dpi). The
shift in the position of each particle depends on its momentum. By adjusting the parameter
ǫ, we can change the position of each particle independently. By applying the operator
eiǫQn, we change the order in which particles interact. We can break any scattering event
into multiple two-particle scatterings, and we can exchange the order of the two-particle
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scatterings without affecting the total S-matrix. The S-matrix is therefore factorizable.
In the next section, we show how the elasticity and factorizability, along with unitarity,
crossing symmetry and analyticity can be used to find the exact S-matrix in integrable
quantum field theories.
3.2 Exact S-matrices
As we discussed in the previous section, all scattering in an integrable field theory is elastic.
The S-matrix is nonzero only if there is an equal number of incoming and outgoing particles,
and the set of incoming and outgoing momenta is the same. The S-matrix with l incoming
and l outgoing particles is called the l-particle S-matrix.
S-matrices are factorizable. For the three-particle S-matrix, this means
SPPP (θ1, θ2, θ3)
c′1 c
′
2 c
′
3
c1 c2 c3 = SPP (θ1, θ2)
c′′1 c
′′
2
c1 c2 SPP (θ1, θ3)
c′1 c
′′
3
c′′1 c3
SPP (θ2, θ3)
c′2 c
′
3
c′′2 c
′′
3
= SPP (θ2, θ3)
c′′2 c
′′
3
c2 c3 SPP (θ1, θ3)
c′′1 c
′
3
c1 c′′3
SPP (θ1, θ2)
c′1 c
′
2
c′′1 c
′′
2
,
(3.2.1)
Where ci is the set of quantum numbers of the i-th particle, and θi is the rapidity of the
i-th particle, defined by its energy and momentum: Ei = m cosh θi, pi = m sinh θi. Equation
(3.2.1) is called the Yang-Baxter equation.
The S-matrix (and time evolution) is unitary. For the two-particle S-matrix, this implies
SPP (θ2, θ1)
c′′2 c
′′
1
c2 c1
SPP (θ1, θ2)
c′1 c
′
2
c′′1 c
′′
2
= δc
′
1
c1
δc
′
2
c2
. (3.2.2)
The S-matrix should also be invariant under crossing symmetry. We can turn an incoming
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particle into an outgoing antiparticle by shifting is rapidity as θ → θ + πi (and an outgoing
particle can be turned into an incoming antiparticle). The antiparticle-particle S-matrix,
SAP , can be found from the particle-particle S-matrix by crossing. This is
SAP (θ)
c′1 c
′
2
c1 c2
= SPP (πi− θ)c′1 c′2c1 c2 , (3.2.3)
where θ = θ1 − θ2.
The spectrum of a quantum field theory might have bound states of elementary particles.
The bound state mass, mB, of a particle composed of two particles of mass m1 and m2 is
given by
mB =
√
m21 +m
2
2 + 2m1m2 cos η, (0 < η < π), (3.2.4)
where η is the fusion angle. One can define the S-matrix for a bound state with an elementary
particle, SBP from the two-particle S-matrix by
SBP (θB, θ1)
d c′3
d′ c3
Γd
′
c1 c2 = Γ
d
c′1 c
′
2
SPP (θ1, θ3)
c′1 c
′
3
c1 c′′3
SPP (θ2, θ3)
c′2c
′′
3
c2 c3, (3.2.5)
where d are the quantum numbers of the bound state, and Γdc1 c2 is defined by
iRes|θ=iη SPP (θ)c′1 c′2c1 c2 = Γ
c′1 c
′
2
d Γ
d
c1 c2 . (3.2.6)
The two-particle S-matrix for can be found up to a CDD ambiguity [21] by solving
equations (3.2.1), (3.2.2), (3.2.3) and (3.2.5), for particles described by the quantum numbers
{c} and bound states described by the numbers d. The CDD ambiguity means that the two-
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particle S-matrix still satisfies the conditions (3.2.1), (3.2.2), (3.2.3) and (3.2.5) if we multiply
with it with a factor
∏
k
sinh θ + i sinαk
sinh θ − i sinαk , (3.2.7)
for some set of numbers {α}. This ambiguity can be fixed by requiring that the S-matrix be
maximally analytic. The S-matrix should not have any poles in the physical strip, 0 < Imθ <
π, that do not correspond to bound state fusion angles. One can multiply the S-matrix by
factors of the form (3.2.7) to push any unnecessary poles outside the physical strip, obtaining
the maximally analytic S-matrix.
This approach for finding S-matrices for integrable theories was first developed in Refer-
ences [15], [16], [17], [20], [18]. The exact two-particle S-matrix of the principal chiral sigma
model was found in Reference [19]. In the next section we show how the exact S-matrix can
be used to find form factors of local operators, and correlation functions.
3.3 The form factor bootstrap program
The l-excitation form factor of a local operator O(x)c0 is defined as
FO(θ1, . . . , θl){c} = 〈0|O(0)c0|θ1, c1; θ2, c2; . . . ; θl, cl〉in, (3.3.1)
where c0 is the set of Lorentz, color, or flavor indices of the operator, and θ1 > θ2 > · · · > θl.
Other orderings of the rapidities can be defined by analytic continuation of the form factor.
The two-particle form factors were first studied in References [23], [24]. Generalizations
for form factors with many particles were discussed in [25]. Form factors of integrable theories
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satisfy a set of conditions called the “Smirnov axioms”, [26], which require knowledge of the
exact two-excitation S-matrix. These axioms provide such strong restrictions, that they yield
the exact form factors. Once all the form factors of a local operator are known, one can
find correlation functions by inserting complete sets of intermediate states between these
operators. This approach of finding the S-matrix, using it to calculate form factors, and
using these form factors to calculate correlation functions is called the integrable bootstrap
program.
In the rest of these section we list and explain briefly the Smirnov axioms. These are
the scattering axiom, periodicity axiom, Lorentz invariance axiom, annihilation pole axiom,
bound state axiom, and minimality axiom.
We will first discuss the so-called scattering axiom (also known as Watson’s theorem).
The scattering axiom states that exchanging two of the incoming excitations in (3.3.1) is
equivalent to scattering them, explicitly,
FO(θ1, . . . , θj , θi, . . . , θl)c0c1...cjci...cl
= S(θi − θj)c
′
ic
′
j
cjciF
O(θ1, . . . , θi, θj, . . . , θl)c0c1...cicj ...cl. (3.3.2)
One can keep applying the scattering axiom on the form factor to exchange the order of
any two particles. The form factor with any order of rapidities can be found by multiplying
many times with the S-matrix.
Next we look at the periodicity axiom. This axiom follows from crossing symmetry in two
dimensions. By crossing symmetry, one can turn the l−th incoming particle (or antiparticle)
in (3.3.1) into an outgoing antiparticle (or particle), by shifting θl → θl − πi. This way, if
we know the form factor (3.3.1), we can find the form factors of an operator with outgoing
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excitations. The periodicity axiom states that the outgoing antiparticle (or particle) can be
turned into the first incoming excitation, by shifting its rapidity again by −πi. Explicitly,
this axiom states:
FO(θ1, . . . , θl)c0c1...cl = F
O(θl − 2πi, θ1, . . . , θl−1)clc1 cl−1
= FO(θl−1 − 2πi, θl − 2πi, θ1, . . . , θl−2)c0cl−1clc1...cl−2
= . . . . (3.3.3)
The Lorentz invariance axiom restricts how the form factor (3.3.1) transforms under a
Lorentz boost. A Lorentz boost in (3.3.1) means shifting all the rapidities by θi → θi + α,
for some constant α. If the Operator O has spin s, the form factor transforms as
FO(θ1 + α, . . . , θl + α){c} = e
sαFO(θ1, . . . , θl){c}. (3.3.4)
If the operator O is a Lorentz scalar, then the form factor is invariant under a boost. By
Lorentz invariance, we can also write the x-dependent form factor:
〈0|O(x)c0|θ1, c1; θ2, c2; . . . ; θl, cl〉in = eix·(p1+···+pl)FO(θ1, . . . , θl){c}.
There exists a possibility that a particle with rapidity θi and a neighboring antiparticle
with rapidity θi+1 in the incoming state in (3.3.1) annihilate before reaching the operator O.
The form factor must then have an kinematic pole at θi − θj = −πi. The annihilation-pole
axiom states that the residue of the l-particle form factor at this pole is proportional to the
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(l − 2)-particle form factor. Precisely, this axiom states:
Res|θl−1−θl=−πiFO(θ1, . . . , θl){c} = 2iFO(θ1, . . . , θl−2)c0c′1...c′l−2δclc′l−1
×
(
δc1c′1 . . . δcl−2c′l−2δcl−1c′l−1 − S(θ1 − θl−1)
c′l−1c
′
1
c′′1 c1
S(θ2 − θl−1)c
′′
1 c
′
2
c′′2 c2
× · · ·
×S(θi − θl−1)c
′′
i−1c
′
i
c′′i ci
× · · · × S(θl−2 − θl−1)c
′′
l−3c
′
l−2
cl−1cl−2
)
, (3.3.5)
where the right hand of (3.3.5) side includes the (l − 2)-particle form factor. The product
of S-matrices in the right hand side of (3.3.5) accounts for the possibility that before the
(l− 1)-st particle (or antiparticle), annihilates with the l-th antiparticle (or particle), it can
scatter with the rest of the (l−2) excitations. The annihilation-pole axiom can be used as a
recursion relation. Once the l-particle form factor is known, this axiom can be used to find
information about the (l + 2)-particle form factor, and so on.
As we discussed in the previous section, an integrable theory, may have bound states of
elementary particles, with masses given by (3.2.4). If the i-th and (i + 1)-st excitations in
Eq. (3.3.1) can form a bound state, the form factor must have a pole at θi − θi+1 = iη,
where η is the fusion angle defined in (3.2.4). One can use this to find information about
form factors with incoming bound-state particles. The bound-state axiom states that
Res|θ1−θ2=iηFO(θ1, . . . , θl)c0c1...cl
=
√
2Γdc1c2F
O(θB(12), θ3, . . . , θl)c0d c3...cl, (3.3.6)
where the right-hand side includes the form factor with an incoming bound state, θB(12) is the
rapidity of the bound state, and Γdc1c2 is defined in Eq. (3.2.6).
The axioms we have discussed in Equations (3.3.2), (3.3.3), (3.3.4), (3.3.5), and (3.3.6),
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are enough to determine the form factor up to an ambiguity, similar to the CDD ambiguity
in the S-matrix. If we find a form factor, FOminimal(θ1, . . . , θl){c}, which satisfies all the axioms
we have mentioned, these axioms are also satisfied by
FO(θ1, . . . , θl){c} =
Pl[{cosh(θi − θj)}]
Ql[{cosh(θi − θj)}]F
O
minimal(θ1, . . . , θl){c}, (3.3.7)
where Pl, and Ql are symmetric polynomials. The minimality axiom states that the form
factor must be maximally analytic. Form factors should have no poles that are not either
kinematic annihilation poles, or bound state poles in the physical strip. If a form factor
is found which has additional, unphysical poles, one can use the ambiguity (3.3.7) to push
these outside the physical strip. The physical form factor is then the one with the minimum
number of poles.
Once all the exact form factors of an operator are known, they can be use to calculate
non-time-ordered correlation functions. The simplest case is the two-point function of the
operator O, defined as
WO(x)c0d0 = 〈0|O(x)c0O(0)d0 |0〉.
The function WO(x)c0d0 can be computed by inserting a complete set of intermediate states
between the two operators. The correlation function is then expressed as a sum over all the
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form factors:
WO(x)c0d0 =
∞∑
l=1
1
l!
∫ l∏
j=1
dθj
4π
e−ix·(p1+···+pl)
×〈0|O(0)c0|θ1, c1, . . . , θl, cl〉in〈0|O(0)d0|θ1, c1, . . . , θl, cl〉∗in
=
∞∑
l=1
1
l!
∫ l∏
j=1
dθj
4π
e−ix·(p1+···+pl)
×FO(θ1, . . . , θl)c0c1...cl ×
[
FO(θ1, . . . , θl)d0c1...cl
]∗
.
Correlation functions of more than two operators can still be found by inserting a complete
set of states between each pair of operators. One would then need the form factors with
both incoming and outgoing particles, which can be found using crossing symmetry.
In the next chapter we use the integrable bootstrap program to find form factors and
correlation functions of the principal chiral sigma model. We show how to apply these new
exact results to Yang-Mills theories.
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Exact form factors of Noether current
and energy-momentum tensor of the
principal chiral sigma model
4.1 The principal chiral sigma model
This chapter contains material previously published in [27] and [28].
The principal chiral sigma model has the action
SPCSM =
∫
d2x
1
2g20
ηµν Tr ∂µU
†(x)∂νU(x), (4.1.1)
where the field U(x) is in the fundamental representation of SU(N), µ, ν = 0, 1, and η00 =
−η11 = 1, η01 = η10 = 0. The action (4.1.1) has a global SU(N) × SU(N) symmetry, given
by the transformation U(x) → VLU(x)VR, where VL,R ∈ SU(N). The Noether currents
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associated with these symmetries are
jLµ (x)
c
a =
−iN
2g2
∂µUab(x)U(x)
† bc(x),
jRµ (x)
d
b =
−iN
2g2
U † da(x)∂µUab(x), (4.1.2)
respectively, where we have included the color indices, a, b, c, d = 1, . . . , N , explicitly.
This model is asymptotically free, and has a mass gap, which we call m. It has been
argued that this mass gap is generated by non-perturbative saddle points of the path integral
[29]. The quantum integrability of this model was shown in References [30] and [31].
The sigma model has elementary particles of mass m which carry both left and right
colors. These elementary particles form bound states that obey a sine formula [34]
mr = m
sin
(
πr
N
)
sin
(
π
N
) , r = 1, . . . , N − 1, (4.1.3)
where mr is the mass of an r-particle bound state. In the large-N limit, the mass of an
r-particle bound state is mr = mr, for finite r. This means that there are no bound states
of a finite number of elementary particles in the planar limit, since the binding energy
vanishes.This is the ’t Hooft large-N limit, where the mass gap m is fixed as N goes to
infinity. An alternative large-N limit has been examined in References [35] where the mass
mN−1 is kept fixed and the mass gap goes to zero as N goes to infinity.’t Hooft
We introduce particle and antiparticle creation operators A†P (θ)ab and A
†
A(θ)ba, respec-
tively, where θ is the particle rapidity, defined in terms of the momentum vector by p0 =
m cosh θ, p1 = m sinh θ, and a, b = 1, . . . , N are left and right color indices, respectively.
A state with many particles is created by acting on the vacuum with a product of creation
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operators in order of increasing rapidity, from left to right,
|P, θ1, a1, b1;A, θ2, b2, a2; . . . 〉in = A†P (θ1)a1b1A†A(θ2)b2a2 . . . | 0〉, (4.1.4)
where θ1 > θ2 > . . . .
The S-matrix, SPP (θ)
c2d2;c1d1
a1b1;a2b2
of two particles with incoming rapidities θ1 and θ2, and
outgoing rapidities θ′1 and θ
′
2 is defined by
out〈P, θ′1, c1, d1;A, θ′2, d2, c2 | P, θ1, a1, b1;A, θ2, b2, a2〉in
= SPP (θ)
c2d2;c1d1
a1b1;a2b2
4π δ(θ′1 − θ1) 4π δ(θ′2 − θ2),
where θ = θ1 − θ2. This S-matrix was found exactly in Reference [19] to be
SPP (θ)
c2d2;c1d1
a1b1;a2b2
= χ(θ)SCGN(θ)
c2;c1
a1;a2 SCGN(θ)
d2d1
b1;b2
, (4.1.5)
where SCGN is the S-matrix of two elementary excitations of the SU(N) chiral Gross-Neveu
model [32], [33]:
SCGN(θ)
c2c1
a1a;a2
=
Γ(iθ/2π + 1)Γ(−iθ/2π − 1/N)
Γ(iθ/2π + 1− 1/N)Γ(−iθ/2π)
(
δc1a1δ
c2
a2
− 2πi
Nθ
δc1a2δ
c2
a1
)
,
and χ(θ) is the CDD factor [21]:
χ(θ) =
sinh
(
θ
2
− πi
N
)
sinh
(
θ
2
+ πi
N
) . (4.1.6)
The particle-antiparticle S-matrix is related to the particle-particle S-matrix by crossing
symmetry, i.e. θ → θˆ = πi − θ. The S-matrix for a particle with incoming rapidity θ1 and
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outgoing rapidity θ′1 and an antiparticle with incoming rapidity θ2 and outgoing rapidity θ
′
2
is
SAP (θ)
d2c2;c1d1
a1b1;b2a2
= S(θˆ, N)
[
δc1a1δ
c2
a2
δd1b1 δ
d2
b2
−2πi
Nθˆ
(
δa1a2δ
c1c2δd2b2 δ
d1
b1
+ δc2a2δ
c1
a1
δb1b2δ
d1d2
)
− 4π
2
N2θˆ2
δa1a2δ
c1c2δb1b2δ
d1d2
]
,
where
S(θ,N) =
sinh
(
θ
2
− πi
N
)
sinh
(
θ
2
+ πi
N
) [Γ(iθ/2π + 1)Γ(−iθ/2π − 1/N)
Γ(iθ/2π + 1− 1/N)Γ(−iθ/2π)
]2
= 1 +O
(
1
N2
)
. (4.1.7)
The creation operators satisfy the Zamolodchikov algebra:
A
†
P (θ1)a1b1A
†
P (θ2)a2b2 = SPP (θ)
c2d2;c1d1
a1b1;a2b2
A
†
P (θ2)c2d2A
†
P (θ1)c1d1 ,
A
†
A(θ1)b1a1A
†
A(θ2)b2a2 = SAA(θ)
d2c2;d1c1
b1a1;b2a2
A
†
A(θ2)d2c2A
†
A(θ1)d1c1,
A
†
P (θ1)a1b1A
†
A(θ2)b2a2 = SAP (θ)
d2c2;c1d1
a1b1;b2a2
A
†
A(θ2)d2c2A
†
P (θ1)c1d1 . (4.1.8)
In the next section we will use the Smirnov form factor axioms to calculate the two-
particle form factors of the Noether current operators (4.1.2) at finite and infinite N . We
calculate explicitly the four-particle form factors at large N . We later find a general expres-
sion for the form factor with any number of particles. The two-point correlation function of
two Noether currents is found by summing over all the form factors. The same procedure is
later repeated for the energy-momentum tensor operator. This combination of the integrable
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bootstrap and the large-N limit was also used by P. Orland in References [36] to calculate
all the form factors of the renormalized field operator.
4.2 The two-particle form factor
In this section, we calculate the first non vanishing form factor of the current operators. We
will discuss only the left-handed current jLµ (x)
c
a in detail, since the same method yields the
right-handed-current form factor.
Under a global SU(N) × SU(N) transformation, the current and the particle and an-
tiparticle creation operators transform as
jLµ (x)→ VLjLµ (x)V †L , A†P (θ)→ V †RA†P (θ)V †L ,
A
†
A(θ) → VRA†A(θ)V ,L.
Only form factors with an equal number of particles and antiparticles are invariant under
such global transformations.
The first nontrivial form factor is
〈0|jLµ (x)a0c0 | A, θ1, b1, a1;P, θ2, a2, b2〉in = 〈0|jLµ (x)a0c0A†A(θ1)b1a1A†P (θ2)a2b2 |0〉
= e−ix·(p1+p2)Fµ(θ)a0a1a2c0;b1b2 , (4.2.1)
for θ1 > θ2. The function Fµ(θ)a0a1a2c0;b1b2 is restricted by the conservation and the trace-
lessness of the Noether current, such that
(p1 + p2)
µFµ(θ)a0a1a2c0;b1b2 = 0, (4.2.2)
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and
δa0c0Fµ(θ)a0a1a2c0;b1b2 = 0. (4.2.3)
The condition (4.2.2) means that we can write
Fµ(θ)a0a1a2c0;b1b2 = (p1 − p2)µF (θ)a0a1a2c0;b1b2
= −ǫµν(p1 + p2)ν tanh
(
θ
2
)
F (θ)a0a1a2c0;b1b2 . (4.2.4)
The condition (4.2.2) is satisfied by choosing
F (θ)a0a1a2c0;b1b2 = F (θ)
(
δa0a2δc0a1δb1b2 −
1
N
δa0c0δa1a2δb1b2
)
.
For θ2 > θ1, we define the form factor
〈0|jLµ (x)a0c0 | P, θ2, a2, b2;A, θ1, b1, a1〉in
= (p1 − p2)µe−ix·(p1+p2)F ′(θ)
(
δa0a2δc0a1δb1b2 −
1
N
δa0c0δa1a2δb1b2
)
.
Next we further restrict the functions F (θ), F ′(θ) by applying the Smirnov form fac-
tor axioms. First we apply the scattering axiom. The scattering axiom follows from the
Zamolodchikov algebra (4.1.8). This axiom implies
〈0|jLµ (0)a0c0A†P (θ2)a2b2A†A(θ1)b1a1 |0〉
= SAP (θ)
d1c1;c2d2
a2b2;b1a1
〈0|jLµ (0)a0c0A†A(θ1)d1c1A†P (θ2)c2d2 |0〉, (4.2.5)
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or
F ′(θ) = S(θˆ, N)
(
1− 2πi
θˆ
)
F (θ).
We next consider the Smirnov periodicity axiom. For the two-particle form factor, this
axiom implies
〈0|jLµ (0)a0c0A†P (θ2)a2b2A†A(θ1)b1a1 |0〉
= 〈0|jLµ (0)a0c0A†A(θ1 − 2πi)b1a1A†P (θ2)a2b2 |0〉,
or
F ′(θ) = F (θ − 2πi). (4.2.6)
Combining (4.2.5) and (4.2.6) gives
F (θ − 2πi) = Sˆ(θ,N)
(
θ + πi
θ − πi
)
F (θ), (4.2.7)
where we have defined Sˆ(θ,N) = S(θˆ, N).
Equation (4.2.7) can be easily solved at large N . For large N we expand Sˆ(θ,N) =
1 +O ( 1
N2
)
, and F (θ) = F 0(θ) + 1
N
F 1(θ) + 1
N2
F 2(θ) + . . . , and keep only terms up to order
1
N0
, so that
F 0(θ − 2πi) =
(
θ + πi
θ − πi
)
F 0(θ). (4.2.8)
37
CHAPTER 4. EXACT FORM FACTORS OF NOETHER CURRENT AND
ENERGY-MOMENTUM TENSOR OF THE PRINCIPAL CHIRAL SIGMA MODEL
The general solution to (4.2.8) is
F 0(θ) =
g(θ)
θ + πi
,
where g(θ) satisfies the periodicity condition, g(θ − 2πi) = g(θ). The minimal choice is
taking g(θ) = g to be a constant.
Next, we determine the value of g. There is a conserved charge, QLa0c0, associated with
the current operator. This charge is
QLa0c0 =
∫
dx1 jL0 (x)a0c0.
We fix the value of g by requiring that the charge is a generator of SU(N), so it satisfies the
Lie algebra
[QL c1a1 , Q
L c2
a2
] = −(δc2a1δa3a2δc1c3 − δc1a2δa3a1δc2c3 )QL c3a3 . (4.2.9)
We cross the incoming particle in Eq. (4.2.1) to an outgoing antiparticle, by shifting its
rapidity, θ2 → θ2 − πi:
〈A, θ2, b2, a2 | jL0 (x)a0c0|A, θ1, b1, a1〉
= m (cosh θ1 + cosh θ2) exp
{−im[x0(cosh θ1 − cosh θ2)
−x1(sinh θ1 − sinh θ2)]
}
F (θ + πi)
×
(
δa0a2δb1b2δc0a1 −
1
N
δa0c0δb1b2δa1a2
)
.
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Integrating over x1 gives the matrix element of the charge operator:
〈A, θ2, b2, a2|QLa0c0 |A, θ1, b1, a1〉 = (2π)2 2(p1)0δ(θ1 − θ2)
×
(
δa0a2δb1b2δc0a1 −
1
N
δa0c0δb1b2δa1a2
)
F (πi).
The matrix element of the commutator of two charges is found by inserting a complete set
of intermediate states:
〈A,θ2, b2, a2|[QLa0c0 , QLa4c4 ]|A, θ1, b1, a1〉
=
∫
dθ3
4π
〈A, θ2, b2, a2|QLa0c0|A, θ3, b3, a3〉〈A, θ3, b3, a3|QLa4c4|A, θ1, b1, a1〉
−
∫
dθ3
4π
〈A, θ2, b2, a2|QLa4c4|A, θ3, b3, a3〉
×〈A, θ3, b3, a3|QLa0c0|A, θ1, b1, a1〉. (4.2.10)
With the choice F (πi) = 1, Eq. (4.2.10) becomes
〈A,θ2, b2, a2|[QLa0c0, QLa4c4]|A, θ1, b1, a1〉
= −(δc2a1δa3a2δc1c3 − δc1a2δa3a1δc2c3 )〈A, θ2, b2, a2|QL c5a5 |A, θ1, b1, a1〉,
which is equivalent to Eq. (4.2.9). This fixes the constant g = 2πi.
To find the form factor for general, finite N , we need to solve the full Equation (4.2.7)
instead of the simpler (4.2.8). We start with the ansatz
F (θ) =
g(θ)
θ + πi
. (4.2.11)
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In terms of g(θ), Equation (4.2.7) becomes
g(θ − 2πi) = Sˆ(θ,N)g(θ). (4.2.12)
We solve Equation (4.2.12) by a contour-integration method first used in Ref. [24]. We
define a contour C to be that from −∞ to∞ and from∞+2πi to −∞+2πi, bounding the
strip in which the form factor is holomorphic. Then
ln g(θ) =
∫
C
dz
4πi
coth
z − θ
2
ln g(z) =
∫ ∞
−∞
dz
4πi
coth
z − θ
2
ln
g(z)
g(z + 2πi)
.
We differentiate both sides with repeat to θ, and use Eq. (4.2.12) to write
d
dθ
[ln g(θ)] =
1
8πi
∫ ∞
−∞
dz
sinh2 1
2
(z − θ) ln Sˆ(z,N). (4.2.13)
The solution to (4.2.13) is
g(θ) = g exp
∫ ∞
0
dxA(x,N)
sin2[x(πi− θ)/2π]
sinh x
, (4.2.14)
where the function A(x,N) is defined by
Sˆ(θ,N) = exp
∫ ∞
0
dxA(x,N) sinh
(
xθ
πi
)
, (4.2.15)
and g is a constant. Note that expanding the S matrix in powers of 1/N yields A(x,N) =
1
N2
B(x) +O( 1
N3
).
To express the function Sˆ(θ,N), presented in (4.1.7), in the form (4.2.15), we use the
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integral formula of the gamma function [24], [37],
Γ(z) = exp
∫ ∞
0
dx
x
[
e−xz − e−x
1− e−x + (z − 1)e
−x
]
, forRe z > 0.
Then

Γ
(
iθˆ
2π
+ 1
)
Γ
(
−iθˆ
2π
− 1
N
)
Γ
(
iθˆ
2π
+ 1− 1
N
)
Γ
(
−iθˆ
2π
)


2
= exp
∫ ∞
0
dx
x
4e−x
(
e2x/N − 1)
1− e−2x sinh
(
xθ
πi
)
, (4.2.16)
for N > 2. We use the formula [22]
sin π
2
(z + a)
sin π
2
(z − a) = exp 2
∫ ∞
0
dx
x
sinh x(1 − z)
sinh x
sinh(xa), for 0 < z < 1,
to write the CDD factor as
sinh
(
θˆ
2
− πi
N
)
sinh
(
θˆ
2
+ πi
N
) = sin π2
((
1− 2
N
)− θ
πi
)
sin π
2
((
1− 2
N
)
+ θ
πi
)
= exp
∫ ∞
0
dx
x
−2 sinh(2x/N)
sinh x
sinh
(
xθ
πi
)
, (4.2.17)
for N > 2. Combining (4.2.16) and (4.2.17) gives
Sˆ(θ,N) = exp
∫ ∞
0
dx
x
[−2 sinh(2x/N)
sinh x
+
4e−x
(
e2x/N − 1)
1− e−2x
]
sinh
(
xθ
πi
)
. (4.2.18)
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From (4.2.11) and (4.2.14), the form factor is
F1(θ) =
g
(θ + πi)
exp
∫ ∞
0
dx
x
[
−2 sinh (2x
N
)
sinh x
+
4e−x
(
e2x/N − 1)
1− e−2x
]
sin2[x(πi− θ)/2π]
sinh x
. (4.2.19)
The condition F1(πi) = 1 implies g = 2πi.
4.3 Four-particle form factors
In this section we find the four-excitation form factor of the Noether current operator, in
the large-N limit. Only the form factor with two particles and two antiparticles is nonzero,
because of the global color symmetry. The most general Lorentz- and SU(N) × SU(N)-
invariant four-particle form factor, respecting the tracelessness of the current operator is
〈0|jLµ (0)a0c0 | A, θ1, b1, a1;A, θ2, b2, a2;P, θ3, a3, b3;P, θ4, a4, b4〉
= 〈0|jLµ (0)a0c0A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ3)a3b3A†P (θ4)a4b4 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
×~F (θ1, θ2, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.1)
42
CHAPTER 4. EXACT FORM FACTORS OF NOETHER CURRENT AND
ENERGY-MOMENTUM TENSOR OF THE PRINCIPAL CHIRAL SIGMA MODEL
for θ1 > θ2 > θ3 > θ4,
〈0|jLµ (0)a0c0 | A, θ1, b1, a1;P, θ2, a2, b2;A, θ3, b3, a3;P, θ4, a4, b4〉
= 〈0|jLµ (0)a0c0A†A(θ1)b1a1A†P (θ3)a3b3A†A(θ2)b2a2A†P (θ4)a4b4 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
×~G(θ1, θ2, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.2)
for θ1 > θ3 > θ2 > θ4,
〈0|jLµ (0)a0c0 | A, θ1, b1, a1;P, θ2, a2, b2;P, θ3, a3, b3;A, θ4, b4, a4〉
= 〈0|jLµ (0)a0c0A†A(θ1)b1a1A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ2)b2a2 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
× ~H(θ1, θ2, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.3)
for θ1 > θ3 > θ4 > θ2,
〈0|jLµ (0)a0c0 | P, θ1, a1, b1;A, θ2, b2, a2;P, θ3, a3, b3;A, θ4, b4, a4〉
= 〈0|jLµ (0)a0c0A†P (θ3)a3b3A†A(θ1)b1a1A†P (θ4)a4b4A†A(θ2)b2a2 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
× ~K(θ1, θ2, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.4)
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for θ3 > θ1 > θ4 > θ2,
〈0|jLµ (0)a0c0 | P, θ1, a1, b1;P, θ2, a2, b2;A, θ3, b3, a3;A, θ4, b4, a4〉
= 〈0|jLµ (0)a0c0A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ1)b1a1A†A(θ2)b2a2 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
×~L(θ1, θ2, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.5)
for θ3 > θ4 > θ1 > θ2,
〈0|jLµ (0)a0c0 | P, θ1, a1, b1;A, θ2, b2, a2;A, θ3, b3, a3;P, θ4, a4, b4〉
= 〈0|jLµ (0)a0c0A†P (θ3)a3a3A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ4)a4b4 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
×~Q(θ1, θ2, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.6)
for θ3 > θ1 > θ2 > θ4,
〈0|jLµ (0)a0c0 | A, θ2, b2, a2;A, θ1, b1, a1;P, θ3, a3, b3;P, θ4, a4, b4〉
= 〈0|jLµ (0)a0c0A†A(θ2)b2a2A†A(θ1)b1a1A†P (θ3)a3b3A†P (θ4)a4b4 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
×~F (θ2, θ1, θ3, θ4) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.7)
44
CHAPTER 4. EXACT FORM FACTORS OF NOETHER CURRENT AND
ENERGY-MOMENTUM TENSOR OF THE PRINCIPAL CHIRAL SIGMA MODEL
for θ2 > θ1 > θ3, > θ4, and
〈0|jLµ (0)a0c0 | A, θ1, b1, a1;A, θ2, b2, a2;P, θ4, a4, b4;P, θ3, a3, b3〉
= 〈0|jLµ (0)a0c0A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ4)a4b4A†P (θ3)a3b3 |0〉
= −ǫµν(p1 + p2 + p3 + p4)ν 1
N
×~F (θ1, θ2, θ4, θ3) · ~Da0c0a1a2a3a4;b1b2b3b4 , (4.3.8)
for θ1 > θ2 > θ4 > θ3, where we define the eight-component vectors
[ ~Da0c0a1a2a3a4;b1b2b3b4 ] =


δa0a3δa1c0δa2a4δb1b3δb2b4 − 1N δa0c0δa1a3δa2a4δb1b3δb2b4
δa0a3δa1c0δa2a4δb1b4δb2b3 − 1N δa0c0δa1a3δa2a4δb1b4δb2b3
δa0a4δa1c0δa2a3δb1b3δb2b4 − 1N δa0c0δa1a4δa2a3δb1b3δb2b4
δa0a4δa1c0δa2a3δb1b4δb2b3 − 1N δa0c0δa1a4δa2a3δb1b4δb2b3
δa0a3δa1a4δa2c0δb1b4δb2b3 − 1N δa0c0δa2a3δa1a4δb1b4δb2b3
δa0a3δa1a4δa2c0δb1b3δb2b4 − 1N δa0c0δa2a3δa1a4δb1b3δb2b4
δa0a4δa1a3δa2c0δb1b3δb2b4 − 1N δa0c0δa2a4δa1a3δb1b3δb2b4
δa0a4δa1a3δa2a0δb1b4δb2b3 − 1N δa0c0δa2a4δa1a3δb1b4δb2b3


,
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[~F (θ1, θ2, θ3, θ4)] =


F1(θ1, θ2, θ3, θ4)
F2(θ1, θ2, θ3, θ4)
F3(θ1, θ2, θ3, θ4)
F4(θ1, θ2, θ3, θ4)
F5(θ1, θ2, θ3, θ4)
F6(θ1, θ2, θ3, θ4)
F7(θ1, θ2, θ3, θ4)
F8(θ1, θ2, θ3, θ4)


,
and similarly for ~G, ~H, ~K, ~L and ~Q.
The scattering axiom relates the form factors with different ordering of rapidities, yielding
〈0|jLµ (0 ) a0c0A†A(θ1)b1a1A†P (θ3)a3b3A†A(θ2)b2a2A†P (θ4)a4b4 |0〉
= SAP (θ23)
d2c2;c3d3
a3b3;b2a2
×〈0|jLµ (0)a0c0A†A(θ1)b1a1A†A(θ2)d2c2A†P (θ3)c3d3A†P (θ4)a4b4 |0〉,
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〈0|jLµ (0 ) a0c0A†A(θ1)b1a1A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ2)b2a2 |0〉
= SAP (θ24)
d2c2;c4d4
a4b4;b2a2
×〈0|jLµ (0)a0c0A†A(θ1)b1a1A†P (θ3)a3b3A†A(θ2)d2c2A†P (θ4)c4d4 |0〉,
〈0|jLµ (0 ) a0c0A†P (θ3)a3b3A†A(θ1)b1a1A†P (θ4)a4b4A†A(θ2)b2a2 |0〉
= SAP (θ13)
d1c1;c3d3
a3b3;b1a1
×〈0|jLµ (0)a0c0A†A(θ1)d1c1A†P (θ3)c3d3A†P (θ4)a4b4A†A(θ2)b2a2 |0〉,
〈0|jLµ (0 ) a0c0A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ1)b1a1A†A(θ2)b2a1 |0〉
= SAP (θ14)
d1c1;c4d4
a4b4;b1a1
×〈0|jLµ (0)a0c0A†P (θ3)a3b3A†A(θ1)d1c1A†P (θ4)c4d4A†A(θ2)b2a2 |0〉,
〈0|jLµ (0 ) a0c0A†P (θ3)a3b3A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ4)a4b4 |0〉
= SAP (θ13)
d1c1;c3d3
a3b3;b1a1
×〈0|jLµ (0)a0c0A†A(θ1)d1c1A†P (θ3)c3d3A†A(θ2)b2a2A†P (θ4)a4b4 |0〉,
〈0|jLµ (0 ) a0c0A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ3)a3b3AP (θ4)a4b4 |0〉
= SAA(θ12)
d2c2;d1c1
b1a1;b2a2
×〈0|jLµ (0)a0c0A†A(θ2)d2c2A†A(θ1)d1c1A†P (θ3)a3b3A†P (θ4)a4b4 |0〉,
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〈0|jLµ (0 ) a0c0A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ3)a3b3AP (θ4)a4b4 |0〉
= SPP (θ34)
c4d4;c3d3
a3b3;a4b4
×〈0|jLµ (0)a0c0A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ4)c4d4A†P (θ3)c3d3 |0〉,
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where θjk = θj − θk. These imply, respectively,
~G(θ1, θ2, θ3 , θ4)
=


1 0 0
−2πi
Nθˆ23
(
1− 2πi
θˆ23
)
0
−2πi
Nθˆ23
0
(
1− 2πi
θˆ23
)
0 −1
N
(
2πi
θˆ23
+ 4π
2
θˆ223
)
−1
N
(
2πi
θˆ23
+ 4π
2
θˆ223
)
0 0 0
0 0 0
0 0 0
0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 0
0 0 0 0 0
0 0 0 −2πi
Nθˆ23
0(
1− 4πi
θˆ23
− 4π2
θˆ223
)
0 0 0 −1
N
(
2πi
θˆ23
+ 4π
2
θˆ223
)
0
(
1− 2πi
θˆ23
)
−2πi
Nθˆ23
0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 −2πi
Nθˆ23
(
1− 2πi
θˆ23
)


×~F (θ1, θ2, θ3, θ4) +O
(
1
N2
)
≡ ←→M 1(θ2, θ3)~F (θ1θ2, θ3, θ4) +O
(
1
N2
)
, (4.3.9)
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~H(θ1, θ2, θ3 , θ4)
=


(
1− 4πi
θˆ24
− 4π2
θˆ224
)
−1
N
(
2πi
θˆ24
+ 4π
2
θˆ224
)
−1
N
(
2πi
θˆ24
+ 4π
2
θˆ224
)
0
(
1− 2πi
θˆ24
)
0
0 0
(
1− 2πi
θˆ24
)
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 −1
N
(
2πi
θˆ24
− 4π2
θˆ224
)
0 0
−2πi
Nθˆ24
−2πi
Nθˆ224
0 0 0
−2πi
Nθˆ24
0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 −2πi
Nθˆ24
(
1− 2πi
θˆ24
)
0 0
0 0 0
(
1− 2πi
θˆ24
)
−2πi
Nθˆ24
0 0 0 0 1


×~G(θ1, θ2, θ3, θ4) +O
(
1
N2
)
≡ ←→M 2(θ2, θ4) ~G(θ1, θ2, θ3, θ4) +O
(
1
N2
)
, (4.3.10)
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~K(θ1, θ2, θ3 , θ4)
=


(
1− 2πi
θˆ13
)
−2πi
Nθˆ13
0
0 1 0
0 0
(
1− 2πi
θˆ13
)
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 0
0 0 0 0 0
−2πi
Nθˆ13
0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 −2πi
Nθˆ13
(
1− 2πi
θˆ13
)
0 0
0 0 −1
N
(
2πi
θˆ13
+ 4π
2
θˆ213
) (
1− 4πi
θˆ13
− 4π2
θˆ213
)
−1
N
(
2πi
θˆ13
+ 4π
2
θˆ213
)
−2πi
Nθˆ13
−2πi
Nθˆ13
0 0
(
1− 2πi
θˆ13
)


× ~H(θ1, θ2, θ3, θ4) +O
(
1
N2
)
≡ ←→M 3(θ1, θ3) ~H(θ1, θ2, θ3, θ4) +O
(
1
N2
)
, (4.3.11)
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~L(θ1, θ2, θ3 , θ4)
=


1 0 0
−2πi
Nθˆ14
(
1− 2πi
θˆ14
)
0
0 0 1
0 0 −2πi
Nθˆ14
0 0 0
−2πi
Nθˆ14
0 0
0 0 0
0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0(
1− 2πi
θˆ14
)
0 0 0 0
0
(
1− 4πi
θˆ14
− 4π2
θˆ214
)
−1
N
(
2πi
θˆ14
+ 4π
2
θˆ214
)
0 −1
N
(
2πi
θˆ14
+ 4π
2
θˆ214
)
0 0
(
1− 2πi
θˆ14
)
−2πi
Nθˆ14
0
0 0 0 1 0
0 0 0 −2πi
Nθˆ14
(
1− 2πi
θˆ14
)


× ~K(θ1, θ2, θ3, θ4) +O
(
1
N2
)
≡ ←→M 4(θ1, θ4) ~K(θ1, θ2, θ3, θ4) +O
(
1
N2
)
, (4.3.12)
~Q(θ1, θ2, θ3, θ4) =
←→
M 3(θ1, θ3) ~G(θ1, θ2, θ3, θ4) +O
(
1
N2
)
, (4.3.13)
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~F (θ1, θ2, θ3, θ4) =


0 −2πi
Nθ12
0 0 1 −2πi
Nθ12
0 0
−2πi
Nθ12
0 0 0 −2πi
Nθ12
1 0 0
0 0 0 −2πi
Nθ12
0 0 −2πi
Nθ12
1
0 0 −2πi
Nθ12
0 0 0 1 −2πi
Nθ12
1 −2πi
Nθ12
0 0 0 −2πi
Nθ12
0 0
−2πi
Nθ12
1 0 0 −2πi
Nθ12
0 0 0
0 0 −2πi
Nθ12
1 0 0 0 −2πi
Nθ12
0 0 1 −2πi
Nθ12
0 0 −2πi
Nθ12
0


×~F (θ2, θ1, θ3, θ4) +O
(
1
N2
)
≡ ←→I 1(θ1, θ2)~F (θ2, θ1, θ3, θ4) +O
(
1
N2
)
, (4.3.14)
~F (θ1, θ2, θ3, θ4) =


0 −2πi
Nθ34
−2πi
Nθ34
1 0 0 0 0
−2πi
Nθ34
0 1 −2πi
Nθ34
0 0 0 0
−2πi
Nθ34
1 0 −2πi
Nθ34
0 0 0 0
1 −2πi
Nθ34
−2πi
Nθ34
0 0 0 0 0
0 0 0 0 0 −2πi
Nθ34
1 −2πi
Nθ34
0 0 0 0 −2πi
Nθ34
0 −2πi
Nθ34
1
0 0 0 0 1 −2πi
Nθ34
0 −2πi
Nθ34
0 0 0 0 −2πi
Nθ34
1 −2πi
Nθ34
0


×~F (θ1, θ2, θ4, θ3) +O
(
1
N2
)
≡ ←→I 2(θ3, θ4)~F (θ1, θ2, θ4, θ3) +O
(
1
N2
)
. (4.3.15)
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Next we apply the Smirnov periodicity axiom (4.4.4):
〈0|jLµ (0 ) a0c0A†A(θ1 − 2πi)b1a1A†A(θ2)b2a2A†P (θ3)a3b3A†P (θ4)a4b4 |0〉
= 〈0|jLµ (0)a0c0A†A(θ2)b2a2A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ1)b1a1 |0〉,
〈0|jLµ (0 ) a0c0A†A(θ2 − 2πi)b2a2A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ1)b1a1 |0〉
= 〈0|jLµ (0)a0c0A†P (θ3)a3b3A†P (θ4)a4b4A†A(θ1)b1a1A†A(θ2)b2a2 |0〉,
〈0|jLµ (0 ) a0c0A†P (θ3 − 2πi)a3b3A†P (θ4)a4b4A†A(θ1)b1a1A†A(θ2)b2a2 |0〉
= 〈0|jLµ (0)a0c0A†P (θ4)a4b4A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ3)a3b3 |0〉,
〈0|jLµ (0 ) a0c0A†P (θ4 − 2πi)a4b4A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ3)a3b3 |0〉
= 〈0|jLµ (0)a0c0A†A(θ1)b1a1A†A(θ2)b2a2A†P (θ3)a3b3A†P (θ4)a4b4 |0〉,
which imply, respectively,
~F (θ1 − 2πi, θ2, θ3, θ4) = ~H(θ2, θ1, θ3, θ4), (4.3.16)
~H(θ2 − 2πi, θ1, θ3, θ4) = ~L(θ1, θ2, θ3, θ4), (4.3.17)
~L(θ1, θ2, θ3 − 2πi, θ4) = ~Q(θ1, θ2, θ4, θ3), (4.3.18)
~Q(θ1, θ2, θ4 − 2πi, θ3) = ~F (θ1, θ2, θ3, θ4). (4.3.19)
We combine Watson’s theorem with the periodicity axiom, to express Equations (4.3.16),
(4.3.17), (4.3.18) and (4.3.19) in terms of only ~F (θ1, θ2, θ3, θ4). We combine (4.3.16) with
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(4.3.12), (4.3.11) and (4.3.14), and find
~F (θ1 − 2πi, θ2, θ3, θ4)
=
←→
M 4(θ1, θ4)
←→
M 3(θ1, θ3)
[←→
I 1(θ1, θ2)
]−1
~F (θ1, θ2, θ3, θ4). (4.3.20)
Combining (4.3.17) with (4.3.10), (4.3.9) and (4.3.14) gives
[←→
I 1(θ1, θ2 − 2πi)
]−1
~F (θ1, θ2 − 2πi, θ3, θ4)
=
←→
M 2(θ2, θ4)
←→
M 1(θ2, θ4)~F (θ1, θ2, θ3, θ4). (4.3.21)
Combining (4.3.18) with (4.3.11), (4.3.9) and (4.3.15) gives
←→
M 3(θ1, θ3 − 2πi)←→M 1(θ2, θ3 − 2πi)~F (θ1, θ2, θ3, θ4)
=
[←→
I 2(θ3, θ4)
]−1
~F (θ1, θ2, θ3, θ4). (4.3.22)
Finally, we combine (4.3.19) with (4.3.12), (4.3.10) and (4.3.15) to find
←→
M 4(θ1, θ4 − 2πi)←→M 2(θ2, θ4 − 2πi)
[←→
I 2(θ3, θ4 − 2πi)
]−1
~F (θ1, θ2, θ3, θ4 − 2πi)
=~F (θ1, θ2, θ3, θ4). (4.3.23)
The set of equations (4.3.20), (4.3.21), (4.3.22) and (4.3.23) are difficult to solve, for finite
N . In the large-N limit, the matrices
←→
M 1,2,3,4 become diagonal and mutually commute,
and the matrices
←→
I 1,2 become their own inverses. This greatly simplifies the problem,
allowing us to find the form factors. We expand the form factors in powers of 1/N as
~F (θ1, θ2, θ3, θ4) = ~F
0(θ1, θ2, θ3, θ4) +
1
N
~F 1(θ1, θ2, θ3, θ4) + . . . , simplifying the periodicity con-
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ditions for ~F 0(θ1, θ2, θ3, θ4). We combine (4.3.20) and (4.3.21) to get
~F 0(θ1 − 2πi, θ2 − 2πi, θ3, θ4)
=
←→
M 4(θ1, θ4)
←→
M 3(θ1, θ3)
←→
M 2(θ2, θ4)
←→
M 1(θ2, θ3)~F
0(θ1, θ2, θ3, θ4), (4.3.24)
or explicitly, in terms of the components of ~F 0(θ1, θ2, θ3, θ4),
F 01 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ13 + πi
θ13 − πi
)(
θ24 + πi
θ24 − πi
)2
F 01 (θ1, θ2, θ3, θ4),
F 02 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ14 + πi
θ14 − πi
)(
θ23 + πi
θ23 − πi
)
×
(
θ24 + πi
θ24 − πi
)
F 02 (θ1, θ2, θ3, θ4),
F 03 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ13 + πi
θ13 − πi
)(
θ23 + πi
θ23 − πi
)
×
(
θ24 + πi
θ24 − πi
)
F 03 (θ1, θ2, θ3, θ4),
F 04 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ14 + πi
θ14 − πi
)(
θ23 + πi
θ23 − πi
)2
F 04 (θ1, θ2, θ3, θ4),
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F 05 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ14 + πi
θ14 − πi
)2(
θ23 + πi
θ23 − πi
)
F 05 (θ1, θ2, θ3, θ4),
F 06 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ14 + πi
θ14 − πi
)(
θ13 + πi
θ13 − πi
)
×
(
θ24 + πi
θ24 − πi
)
F 06 (θ1, θ2, θ3, θ4),
F 07 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ13 + πi
θ13 − πi
)2(
θ24 + πi
θ24 − πi
)
F 07 (θ1, θ2, θ3, θ4),
F 08 (θ1 − 2πi, θ2 − 2πi, θ3, θ4) =
(
θ14 + πi
θ14 − πi
)(
θ13 + πi
θ13 − πi
)
×
(
θ23 + πi
θ23 − πi
)
F 08 (θ1, θ2, θ3, θ4).
The solution that satisfies (4.3.24), (4.3.14) and (4.3.15) is
F 01 (θ1, θ2, θ3, θ4) =
g1(θ1, θ2, θ3, θ4)
(θ13 + πi)(θ24 + πi)2
,
F 02 (θ1, θ2, θ3, θ4) =
g2(θ1, θ2, θ3, θ4)
(θ14 + πi)(θ23 + πi)(θ24 + πi)
,
F 03 (θ1, θ2, θ3, θ4) =
g2(θ1, θ2, θ4, θ3)
(θ13 + πi)(θ23 + πi)(θ24 + πi)
,
F 04 (θ1, θ2, θ3, θ4) =
g1(θ1, θ2, θ4, θ3)
(θ14 + πi)(θ23 + πi)2
,
F 05 (θ1, θ2, θ3, θ4) =
g1(θ2, θ1, θ3, θ4)
(θ14 + πi)2(θ23 + πi)
,
F 06 (θ1, θ2, θ3, θ4) =
g2(θ2, θ1, θ3, θ4)
(θ14 + πi)(θ13 + πi)(θ24 + πi)
,
F 07 (θ1, θ2, θ3, θ4) =
g1(θ2, θ1, θ4, θ3)
(θ13 + πi)2(θ24 + πi)
,
F 08 (θ1, θ2, θ3, θ4) =
g2(θ2, θ1, θ4, θ3)
(θ14 + πi)(θ13 + πi)(θ23 + πi)
, (4.3.25)
where the functions g1,...,8(θ1, θ2, θ3, θ4) are periodic under θ1,2 → θ1,2 − 2πi.
Instead of the analyis of the previous paragraph, we could have combined (4.3.22) and
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(4.3.23) to obtain
←→
M 4(θ1, θ4 − 2πi)←→M 3(θ1, θ3 − 2πi)←→M 2(θ2, θ4 − 2πi)
×←→M 1(θ2, θ3 − 2πi)~F 0(θ1, θ2, θ3 − 2πi, θ4 − 2πi)
= ~F 0(θ1, θ2, θ3, θ4). (4.3.26)
The condition (4.3.26) is equivalent to (4.3.24). The solution of (4.3.26) is (4.3.25)
The functions g1,...8(θ1, θ2, θ3, θ4) are fixed by the annihilation pole axiom. Any of the two
particles of the four-excitation form factor can annihilate with any of the two antiparticles.
This means there must be annihilation poles at θ24, θ14, θ23, θ13 = −πi. For the θ24 = −πi
pole, the annihilation-pole axiom implies
Res|θ24=−πi〈0 | jLµ (0)a0c0A†A(θ1)b1a1A†P (θ3)a3b3A†A(θ2)b2a2A†P (θ4)a4b4|0〉
= 2i
{
〈0|jLµ (0)a0c0A†A(θ1)b1a1A†P (θ3)a3b3 |0〉δa2a4δb2b4
−〈0|jLµ (0)a0c0A†A(θ1)b′1a′1AP (θ3)a′3b′3 |0〉
× δa′2a4δb′2b4SAA(θ12)
b′2a
′
2;b
′
1a
′
1
d1c1;b1a1
SAP (θ23)
d1c1;a′3b
′
3
a3b3;b2a2
}
. (4.3.27)
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We substitute the two-particle form factor into the right-hand side of (4.3.27) to find
〈0|jLµ (0)a0c0A†A(θ1)b1a1A†P (θ3)a3b3 |0〉δa2a4δb2b4
−〈0|Oa0c0A†A(θ1)b′1a′1AP (θ3)a′3b′3 |0〉δa′2a4δb′2b4SAA(θ12)
b′2a
′
2;b
′
1a
′
1
d1c1;b1a1
SAP (θ23)
d1c1;a′3b
′
3
a3b3;b2a2
= −ǫµν(p1 + p3)ν tanh
(
θ13
2
)
× 2π
(θ13 + πi)
{
2πi
Nθˆ23
(
δa0a4δa2a3δc0a1δb1b3δb2b4 −
1
N
δa0c0δa1a4δa2a3δb1b3δb2b4
)
+
1
N
(−2πi
θˆ23
+
2πi
θ12
− 4π
2
θ12θˆ23
)
×
(
δa0a3δa2a4δa1c0δb2b3δb1b4 −
1
N
δa0c0δa1a3δa2a4δb2b3δb1b4
)
−2πi
Nθ12
(
δa0a3δa1a4δa2c0δb1b3δb2b4 −
1
N
δa0c0δa2a3δa1a4δb1b3δb2b4
)}
.
We can repeat this for every other annihilation pole, which fixes the functions:
g1(θ1, θ2, θ3, θ4) = 0
g2(θ1, θ2, θ3, θ4) = 8π
2i tanh
(
θ13
2
)
g3(θ1, θ2, θ3, θ4) = 8π
2i tanh
(
θ14
2
)
g4(θ1, θ2, θ3, θ4) = 0
g5(θ1, θ2, θ3, θ4) = 0
g6(θ1, θ2, θ3, θ4) = 8π
2i tanh
(
θ23
2
)
g7(θ1, θ2, θ3, θ4) = 0
g8(θ1, θ2, θ3, θ4) = 8π
2i tanh
(
θ24
2
)
.
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The minimal four-particle form factor satisfying all of Smirnov’s axioms for large N is
〈0 |jLµ (0)a0c0|A, θ1, b1, a1;A, θ2, b2, a2;P, θ3, a3, b3;P, θ4, a4, b4〉
= −ǫµν(p1 + p2 + p3 + p4)ν 8π
2i
N
×
{
tanh
(
θ13
2
)
(θ14 + πi)(θ23 + πi)(θ24 + πi)
×
(
δa0a3δa1c0δa2a4δb1b4δb2b3 −
1
N
δa0c0δa1a3δa2a4δb1b4δb2b3
)
+
tanh
(
θ14
2
)
(θ13 + πi)(θ23 + πi)(θ24 + πi)
×
(
δa0a4δa1c0δa2a3δb1b3δb2b4 −
1
N
δa0c0δa1a4δa2a3δb1b3δb2b4
)
+
tanh
(
θ23
2
)
(θ14 + πi)(θ13 + πi)(θ24 + πi)(
δa0a3δa1a4δa2c0δb1b3δb2b4 −
1
N
δa0c0δa2a3δa1a4δb1b3δb2b4
)
+
tanh
(
θ24
2
)
(θ14 + πi)(θ13 + πi)(θ23 + πi)(
δa0a4δa1a3δa2c0δb1b4δb2b3 −
1
N
δa0c0δa2a4δa1a3δb1b4δb2b3
)}
. (4.3.28)
4.4 Form factors of an arbitrary number of particles
In this section we generalize our results to find the form factor with M particles and M
antiparticles. We introduce the permutation σ ∈ SM+1 which takes the set of numbers
0, 1, . . . ,M to σ(0), σ(1), . . . , σ(M), respectively, and the permutation τ ∈ SM which takes
the set of numbers 1, 2, . . . ,M to τ(1), τ(2), . . . , τ(M), respectively.
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The form factor of the current operator with 2M excitations is
〈0 | jLµ (x)a0 a2M+1 | A, θ1, b1, a1; . . .
;A, θM , bM , aM ;P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M 〉in
= 〈0|jLµ (x)a0a2M+1A
†
A(θ1)b1a1 . . .A
†
A(θM)bM aM
×A†P (θM+1)aM+1bM+1 . . .A
†
P (θ2M )a2M b2M |0〉
=
−ǫµν
NM−1
(p1 + · · ·+ p2M)ν
∑
σ,τ
Fστ (θ1, . . . , θ2M) e
−ix·
∑2M
j=1 pj
×
[
M∏
j=0
δajaσ(j)+M
M∏
k=1
δbkbτ(k)+M
− 1
N
δa0a2M+1 δalσ aσ(0)+M
M∏
j=1, j 6=lσ
δajaσ(j)+M
M∏
k=1
δbkbτ(k)+M
]
, (4.4.1)
where lσ is defined by σ(lσ) +M = 2M + 1. This is the most general expression consistent
with Lorentz invariance, a conserved traceless current (guaranteed by the second term in
square brackets) and crossing.
To simplify our terminology, we say that excitation h is the particle or antiparticle with
rapidity θh and left and right indices ah, bh, respectively.
We expand the functions Fστ (θ1, . . . , θ2M ) in powers of 1/N :
Fστ (θ1, . . . , θ2M ) = F
0
στ (θ1, . . . , θ2M )
+
1
N
F 1στ (θ1, . . . , θ2M) +
1
N2
F 2στ (θ1, . . . , θ2M) + · · ·
keeping only the first term.
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We now apply the scattering axiom on Eq.(4.4.1):
〈0 | jLµ (x)a0a2M+1A
†
I1
(θ1)C1 . . .A
†
Ii
(θi)CiA
†
Ii+1
(θi+1)Ci+1 . . .A
†
I2M
(θ2M )C2M |0〉
= SIi+1Ii(θi − θi+1)
C′i+1;C
′
i
Ci;Ci+1
×〈0|jLµ (x)a0a2M+1A
†
I1
(θ1)C1 . . .
×A†Ii+1(θi+1)C′i+1A
†
Ii
(θi)C′i . . .A
†
I2M
(θ2M )C2M |0〉, (4.4.2)
where, for each k, Ik = P for a particle or Ik = A for an antiparticle, and Ck is the ordered set
of indices Ck = (ak, bk) for Ik = P , or Ck = (bk, ak) for Ik = A. We use (4.4.2) to interchange
the creation operator of the excitation h with the creation operator of the excitation i
in (4.4.1). There are four different ways the function F 0στ (θ1, . . . , θ2M) can be affected by
interchanging the excitations h and i, for a given σ and τ . If excitation h and excitation i
are both particles or both antiparticles, then the rapidities θh and θi are interchanged in the
function F 0στ (θ1, . . . , θ2M). If excitation h is a particle, excitation i is an antiparticle, and
σ(i) +M 6= h, τ(i) +M 6= h, then the function F 0στ (θ1, . . . , θ2M) is unchanged. If excitation
h is a particle, excitation i an antiparticle, and either σ(i) + M = h, τ(i) + M 6= h, or
σ(i) +M 6= h, τ(i) +M = h, then we multiply F 0στ (θ1, . . . , θ2M) by the pure phase θih+πiθih−πi . If
excitation h is a particle, excitation i is an antiparticle and σ(i) +M = h, τ(i) +M = h,
then we multiply the function F 0στ (θ1, . . . , θ2M) by the pure phase
(
θih+πi
θih−πi
)2
. The rules for
interchanging creation operators described in the previous paragraph suggest an underlying
Abelian structure for the large-N limit. The pure phase we use in the scattering axiom,
namely 1, θih+πi
θih−πi
or
(
θih+πi
θih−πi
)2
is similar to the S-matrix element of a theory of colorless
particles.
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Smirnov’s periodicity axiom states
〈0 | jLµ (x)a0a2M+1A
†
I1
(θ1)C1A
†
I1
(θ2)C2 . . .A
†
IM
(θM )CM |0〉
= 〈0|jLµ (x)a0a2M+1A
†
IM
(θM − 2πi)CM
×A†I1(θ1)C1 . . .A†IM−1(θM−1)CM−1 |0〉. (4.4.3)
In terms of the function F 0στ (θ1, . . . , θ2M ), (4.4.3) is
F 0στ ( θ1, . . . , θ2M )
= F 0στ (θ2M − 2πi, θ1, . . . , θ2M−1)
= F 0στ (θ2M−1 − 2πi, θ2M − 2πi, θ1, . . . , θ2M−2)
= · · · . (4.4.4)
The general solution of (4.4.2) and (4.4.4) is
F 0στ ( θ1, . . . , θ2M )
=
Hστ (θ1, . . . , θ2M)∏M
j=1;j 6=lσ
(
θj − θσ(j)+M + πi
)∏M
k=1
(
θk − θτ(k)+M + πi
) , (4.4.5)
where σ(lσ)+M = 2M+1, and the functions Hστ (θ1, . . . , θ2M) are holomorphic and periodic
in θj , with period 2πi, for each j = 1, . . . , 2M .
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The annihilation-pole axiom states that the 2M + 2-excitation form factor:
〈0 | jLµ (0)a0a2M+3
[
M∏
j=1
A
†
A(θj)bjaj
][
2M∏
k=M+1
A
†
P (θk)akbk
]
×A†A(θ2M+1)b2M+1a2M+1A
†
P (θ2M+2)a2M+2b2M+2 |0〉
= −ǫµν(p1 + · · ·+ p2M+2)ν
×F(θ1, . . . , θ2M+2)a0a2...a2M+3 ;b1...b2M+2 ,
has a pole at θ2M+1 − θ2M+2 = −πi, with a residue proportional to the form factor of 2M
excitations, such that
Res|θ2M+1−θ2M+2=−πi F(θ1, . . . , θ2M+2)a0...a2M+3 ; b1...b2M+2
= 2iF(θ1, . . . , θ2M )a0a′1...a′2Ma2M+3 ; b′1 ··· b′2M δa′2M+1a2M+2 δb′2M+1b2M+2
×
[
δa′1a1δb′1b1 · · · δa′2M+1a2M+1 δb′2M+1b2M+1
−SAA(θ1 2M+1)
b′
2M+1
a′
2M+1
;b′1a
′
1
d1c1;b1a1
· · · SAA(θM 2M+1)dM−1cM−1;b
′
Ma
′
M
dMcM ;bMaM
×SAP (θ2M+1M+1)dMcM ;a
′
M+1b
′
M+1
cM+1dM+1;aM+1bM+1
· · ·
×SAP (θ2M+1 2M)c2M−1d2M−1;a
′
2M b
′
2M
c2Md2M ;a2M b2M
]
. (4.4.6)
Equation (4.4.6) fixes the functions:
Hστ =


2πi(4π)M−1 tanh
(
θlσ−θσ(0)+M
2
)
, if σ(j) 6= τ(j), for all j
0 , otherwise
. (4.4.7)
This concludes our derivation of all the form factors of the current operator. They are
completely specified in (4.4.1), (4.4.5) and (4.4.7).
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4.5 Vacuum expectation values of products of current
operators
Once we have calculated the general form factor for the Noether current operator, we can
calculate its two-point correlation function. The current-current correlation function is
W jµν(x)a0c0;e0f0 = 〈0|jLµ (x)a0c0 jLν (0)e0f0 |0〉 =
∞∑
M=1
W 2Mµν (x)a0c0e0f0, (4.5.1)
where the contribution from the 2M-excitation form factor is given by
W 2Mµν (x)a0c0e0f0 =
1
N(M !)2
∫
dθ1 . . . dθ2M
(2π)2M
e−ix·
∑2M
j=1 pj
×〈0|jLµ (0)a0c0|A, θ1, b1, a1; . . . ;
A, θM , bMaM ;P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M〉in
×〈0|jLν (0)e0f0|A, θ1, b1, a1; . . . ;
A, θM , bMaM ;P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M〉∗in.
Substituting the form factors (4.4.1), (4.4.5), (4.4.7), we find
W 2Mµν (x)a0c0e0f0 =
1
(M !)2
∫ 2M∏
j=1
dθj
4π
e−ix·
∑2M
j=1 pj
×ǫµαǫνβ(p1 + · · ·+ p2M)α(p1 + · · ·+ p2M )β
×
[ ∑
σ,τ∈SM
|Hστ (θ1, . . . , θ2M)|2(δa0e0δc0f0 − 1N δa0c0δe0f0)∏M
j=1; j 6=lσ
|θj − θσ(j)+M + πi|2
∏M
k=1 |θk − θτ(k)+M + πi|2
+O
(
1
N2
)]
, (4.5.2)
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where we have used
∑
a1,...,a2M ,b1,...,b2M
[
M∏
j=0
δajaσ(j)+M
M∏
k=1
δbkbτ(k)+M
− 1
N
δa0a2M+1δalσ aσ(0)+M
M∏
j=1; j 6=lσ
δajaσ(j)+M
M∏
k=1
δbkbτ(k)+M
]
×
[
M∏
j=0
δa′ja′ω(j)+M
M∏
k=1
δbkbϕ(k)+M
− 1
N
δa′0a′2M+1
δa′
lω
a′
ω(0)
M∏
j=1 j 6=lω
δa′ja′ω(j)+M
M∏
k=1
δbkbϕ(k)+M
]
= N2M−1( δa0e0δc0f0 − δa0c0δe0f0/N )
[
δσωδτϕ +O
(
1
N2
)]
,
where {aj} = a0, a1, a2, . . . , a2M , c0 and {a′j} = e0, a1, a2, . . . , a2M , f0.
The contribution to (4.5.2) from each pair σ, τ is the same (because there is no change if
the integration variables are interchanged). There are (M !)2 pairs σ, τ that satisfy Hστ 6= 0,
by (4.4.7). We choose the contribution from one pair σ, τ in (4.5.2) and multiply it by (M !)2.
We choose τ(j) = j, for j = 1, . . . ,M , and σ(1) = 2M + 1, σ(j) = j − 1, for j = 2, . . . ,M,
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such that
W 2Mµν (x)a0c0e0f0 =
∫ 2M∏
j=1
dθj
4π
e−ix·
∑2M
j=1 pj 4π2(4π)2M−2
×
(
δa0e0δc0f0 −
1
N
δa0c0δe0f0
)
× ǫµα ǫνβ(p1 + · · ·+ p2M)α(p1 + · · ·+ p2M)β
× 1
(θ1 − θM+1)2 + π2
1
(θ2 − θM+2)2 + π2 . . .
× 1
(θM − θ2M )2 + π2
× 1
(θ2 − θM+1)2 + π2
1
(θ3 − θM+2)2 + π2 . . .
× 1
(θM − θ2M−1)2 + π2 tanh
2
(
θ1 − θ2M
2
)
+O
(
1
N2
)
We further relabel the integration variables as θ1 → θ1, θ2 → θ3, θ3 → θ5, . . . , θM →
θ2M−1; θM+1 → θ2, θM+2 → θ4, . . . , θ2M → θ2M . This yields the expression for the non-
time-ordered correlation function of two current operators:
W jµν(x)a0c0e0f0 =
(
δa0e0δc0f0 −
1
N
δa0c0δe0f0
)
×
∞∑
M=1
1
4
∫ 2M∏
j=1
dθj e
−ix·
∑2M
j=1 pj
×ǫµα ǫνβ(p1 + · · ·+ p2M)α(p1 + · · ·+ p2M )β
×
2M−1∏
j=1
tanh2
(
θ1−θ2M
2
)
(θj − θj+1)2 + π2 + O
(
1
N2
)
. (4.5.3)
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4.6 Form factors of the stress-energy-momentum ten-
sor
The stess- energy momentum tensor of the principal chiral sigma model is given by
Tµν(x) =
1
2π
(δαµδ
β
ν + δ
β
µδ
α
ν − ηµνηαβ) Tr ∂αU(x)†∂βU(x) + ληµν ,
where λ is chosen to normal order this operator, so that the vacuum energy is zero. This
operator is explicitly conserved (∂µTµν = 0), symmetric (Tµν = Tνµ) and it is an SU(N) ×
SU(N)-color singlet. The fact that the bare field is unitary means that there is less freedom
when defining an stress-energy-momentum tensor, quadratic in derivatives, than in ordinary
scalar field theories. There is no color-singlet total divergence term of dimension two we can
add to the Tµν .
This stress-energy-momentum tensor operator is invariant under SU(N)×SU(N) trans-
formations. Thus the only non-vanishing form factors have equal number of particles and
antiparticles in the in-state ket. The general form factor with M particles and M antiparti-
cles, which respects energy-momentum conservation, is
〈0| Tµν(0) | A, θ1, b1, a1; . . . ;A, θM , bM , aM ;P, θM+1, aM+1, bM+1;
. . . ;P, θ2M , a2M , b2M〉in
=
[
(p1 + · · ·+ p2M )µ(p1 + · · ·+ p2M)ν − ηµν(p1 + · · ·+ p2M)2
]
× 1
NM−1
∑
σ,τ∈SM
Fστ (θ1, . . . , θ2M)
×
M∏
j=1
δajaσ(j)+M
M∏
k=1
δbkbτ(k)+M , (4.6.1)
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where σ, τ ∈ SM are permutations of the integers 1, 2, . . . ,M (this is different from the
convention in Section III. Recall that there the permutation σ was defined as an element of
SM+1).
We expand the function Fσ,τ (θ1, . . . , θ2M ) in powers of 1/N , i.e., as F
0
σ,τ (θ1, . . . , θ2M ) +
1
N
F 1σ,τ (θ1, . . . , θ2M ) + · · · , keeping only the first term.
The form factors in (4.6.1) behave the same way as the current-operator form factors
under Watson’s theorem and the periodicity axiom. These two axioms give us the solution
F 0στ ( θ1, . . . , θ2M)
=
Hστ (θ1, . . . , θ2M)∏M
j=1(θj − θσ(j)+M + πi)
∏M
k=1(θk − θτ(k)+M + πi)
. (4.6.2)
The minimal choice is to make Hσ,τ (θ1, . . . , θ2M ) = Hστ constants. These constants can
be fixed by the annihilation pole axiom, once we fix the constant for the two-particle form
factor.
For M = 1, Equation (4.6.1) becomes
〈0 | Tµν(x)|A, θ1, b1, a1;P, θ2, a2, b2〉in
= [(p1 + p2)µ(p1 + p2)ν − ηµν(p1 + p2)2] g
(θ12 + πi)2
e−ix(p1+p2)δa1a2δb1b2
+O
(
1
N
)
. (4.6.3)
We fix the constant g by requiring that
∫
dx1 T00(x)|A, θ1, b1, a1〉in = m cosh θ1|A, θ1, b1, a1〉in. (4.6.4)
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Notice that the pole in (4.6.3) has vanishing residue. Therefore, by the annihilation-pole
axiom, the vacuum energy is zero.
We next apply crossing, changing one of the incoming particles in (4.6.3) to an outgoing
antiparticle:
〈A, θ2, b2, a2 | Tµν(x)|A, θ1, b1, a1〉
= [(p1 − p2)µ(p1 − p2)ν − ηµν(p1 − p2)2] g
(θ12 + 2πi)2
×e−ix·(p1−p2)δa1a2δb1b2 .
The matrix element of the energy density is then
〈A, θ2, b2, a2 | T00(x)|A, θ1, b1, a1〉
= [(p1 0p1 0 + p2 0p2 0 − 2p1 0p2 0 − 2m2 + 2p1 · p2]
× g
(θ12 + 2πi)2
e−ix·(p1−p2)δa1a2δb1b2 .
= [(p1 0 + p2 0)
2 − 2m2 + 2p1 · p2]
× g
(θ12 + 2πi)2
e−ix·(p1−p2)δa1a2δb1b2 .
We integrate over the spatial coordinate x1, yielding
∫
dx1 〈A, θ2, b2, a2 | T00(x)|A, θ1, b1, a1〉
= [(m cosh θ1 +m cosh θ2)
2 − 2m2 + 2p1 · p2]
× g
(θ12 + 2πi)2
2π
m cosh θ2
×δ(θ1 − θ2)δa1a2δb1b2 .
= m cosh θ1
g
2π2
4πδ(θ1 − θ2)δa1a2δb1b2 .
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The condition (4.6.4) imples g = −2π2.
The constants Hστ for the 2M-particle form factor are fixed by the annihilation pole
axiom (Equation (4.4.6)), which gives the values
Hστ =


(−2π2)(4π)M−1 , forσ(j) 6= τ(j), for all j
0 , otherwise
. (4.6.5)
The 2M-particle form factor has a total of (M !)2/2 non-vanishing terms.
To summarize the results of this section, (4.6.1), (4.6.2), (4.6.5) determine all the form
factors of the stress-energy-momentum tensor.
4.7 Correlation function of the stress-energy-momentum
tensor
In this section we obtain the vacuum expectation value of the product of two stress-energy-
momentum-tensor operators. In other words, we find
W Tµναβ(x) =
1
N2
〈0|Tµν(x)Tαβ(0)|0〉 =
∞∑
M=1
W 2Mµναβ(x) , (4.7.1)
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where the terms in the sum over M are defined as
W 2Mµναβ(x) =
1
N2
1
(M !)2
∫ 2M∏
j=1
dθj
4π
e−ix·
∑2M
j=1 pj
×〈0|Tµν(0)|A, θ1, b1, a1; . . . ;A, θM , bM , aM ;
P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M 〉in.
×〈0|Tαβ(0)|A, θ1, b1, a1; . . . ;A, θM , bM , aM ;
P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M 〉∗in.
Substituting our form factors (4.6.1), (4.6.2), (4.6.5) gives
W 2Mµναβ(x) =
1
(M !)2
∫ 2M∏
j=1
dθj
4π
e−ix·
∑2M
j=1 pj
× [(p1 + · · ·+ p2M)µ(p1 + · · ·+ p2M)ν − ηµν(p1 + · · ·+ p2M )2]
× [(p1 + · · ·+ p2M)α(p1 + · · ·+ p2M )β − ηαβ(p1 + · · ·+ p2M)2]
×
∑
σ,τ∈SM
|Hστ |2∏M
j=1
(
θj − θσ(j)+M + πi
)2∏M
k=1
(
θk − θτ(k)+M + πi
)2
+O
(
1
N
)
,
where we have used
∑
a1,...,a2M ,b1,...,b2M
[
M∏
j=1
M∏
k=1
δajaσ(j)+M δbkbτ(k)+M
][
M∏
j=1
M∏
k=1
δajaω(j)+M δbkbϕ(k)+M
]
= N2M
[
δσωδτϕ +O
(
1
N
)]
.
The contribution to W 2Mµναβ(x) from each pair σ, τ is the same. There are
(M !)2
2
possible
pairs σ, τ . We write the contribution from just one of these pairs, and multiply by the factor
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(M !)2
2
. We choose σ(j) = j for j = 1, . . . ,M , and τ(1) = M, τ(j) = j − 1 for j = 2, . . . ,M .
Then we have
W 2Mµναβ(x) =
1
2
∫ 2M∏
j=1
dθj
4π
e−ix·
∑2M
j=1 pj4π4(4π)2M−2
× [(p1 + · · ·+ p2M)µ(p1 + · · ·+ p2M)ν − ηµν(p1 + · · ·+ p2M )2]
× [(p1 + · · ·+ p2M)α(p1 + · · ·+ p2M )β − ηαβ(p1 + · · ·+ p2M)2]
× 1
(θ1 − θM+1)2 + π2
1
(θ2 − θM+2)2 + π2
· · · 1
(θM − θ2M)2 + π2
× 1
(θ1 − θ2M)2 + π2
1
(θ2 − θM+1)2 + π2
· · · 1
(θM − θ2M−1)2 + π2
+O
(
1
N
)
. (4.7.2)
Finally, we relabel the integration variables by θ1 → θ1, θ2 → θ3, θ3 → θ5, . . . , θM →
θ2M−1, θM+1 → θ2, θM+2 → θ4, . . . , θ2M → θ2M . This gives the expression for the non-
time-ordered correlation function
W Tµναβ(x) =
π2
8
∞∑
M=1
∫ 2M∏
j=1
dθj e
−ix·
∑2M
j=1 pj
× [(p1 + · · ·+ p2M)µ(p1 + · · ·+ p2M)ν − ηµν(p1 + · · ·+ p2M )2]
× [(p1 + · · ·+ p2M)α(p1 + · · ·+ p2M )β − ηαβ(p1 + · · ·+ p2M)2]
× 1
(θ1 − θ2M)2 + π2
2M−1∏
j=1
1
(θj − θj+1)2 + π2 +O
(
1
N
)
. (4.7.3)
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Chapter 5
The spectrum of (1+1)-dimensional
massive Yang-Mills theory
5.1 Massive Yang-Mills in 1+1 dimensions
This chapter contains material previously published in [38].
Yang-Mills theory in 1 + 1 dimensions has no local degrees of freedom. Introducing an
explicit massM gives a theory of longitudinally-polarized gluons at tree level. It may seem
intuitively obvious, for small gauge coupling, that a particle is either a vector Boson, with a
mass roughly equal to M, or a bound state of such vector Bosons. This intuition, however,
is wrong.We show in this chapter that the massive Yang-Mills theory describes an infinite
number of particles, with masses that are much less than M. We call this, dynamical mass
reduction.
The massive Yang-Mills model can be thought of as a gauge field, coupled to a principal
chiral nonlinear sigma model. The equivalence is seen by choosing the unitary gauge condi-
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tion. The sigma model behaves like a Higgs field, which gives mass to the vector gluons. It
was shown by Bardeen and Shizuya that this model is renormalizable [39]
The tree-level description fails because the excitations of the sigma model (without the
gauge field) are not Goldstone Bosons. These excitations are massive. The gauge field
produces a confining force between these excitations. There is no Higgs or Coulomb phase.
There is only a confined phase. In this respect, the model is similar to a non-Abelian gauge
theory with massive adjoint fermions [43].
A quantum field theory of an SU(N) gauge field, coupled minimally to an adjoint matter
field, can have distinct Higgs and confinement phases [45], separated by a phase boundary,
for space-time dimension greater than two. If this dimension is two, however, there is only
the confined phase. In the confined phase, the excitations are bound states of the massive
particles of the sigma model. These massive particles are color multiplets of degeneracy
N2 [19].
The action of the massive SU(N) Yang-Mills field in 1 + 1 dimensions is
S =
∫
d2x
(
−1
4
TrFµνF
µν +
e2
2g20
TrAµA
µ
)
, (5.1.1)
where Aµ is Hermitian and Fµν = ∂µAν − ∂νAµ − ie[Aµ, Aν ] with µ, ν = 0, 1 and indices are
raised by ηµν , where η00 = −η11 = 1, η01 = η10 = 0. If we drop the cubic and quartic terms
from (5.1.1), the particles are gluons with mass M = e/g0.
The action (5.1.1) is equivalent to that of a principal chiral sigma model with one of
its SU(N) symmetries gauged by a Yang-Mills field. We promote the left-handed SU(N)
global symmetry of the sigma model to a local symmetry, by introducing the covariant
derivative Dµ = ∂µ − ieAµ, where Aµ is a new Hermitian vector field that transforms as
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Aµ → V †L(x)AµVL(x) − ieV †L(x)∂µVL(x). We do not gauge the right-handed symmetry. The
action is now
S =
∫
d2x
[
−1
4
TrFµνF
µν +
1
2g20
Tr (DµU)
†DµU
]
. (5.1.2)
In the unitary gauge, with U(x) = 1 everywhere, this action (5.1.2) reduces to (5.1.1). In
the remainder of this chapter, however, we will study (5.1.2) in the axial gauge.
It is best to think of the left-handed symmetry as (confined) color-SU(N) and the right-
handed symmetry as flavor-SU(N). Confinement of left-handed color means that only sin-
glets of the left-handed color group exist in the spectrum. There are “mesonic” bound states,
as well as “baryonic” bound states. The mesonic bound states have one elementary particle
of the sigma model and one elementary antiparticle. The simplest baryonic bound states
consist of N of these elementary particles, with no antiparticles. There are also more com-
plicated bound states, which exist because there are excitations in the sigma model (with
no gauge field) transforming as higher representations of the color group [31], [30]. In this
thesis, we only discuss the mesonic states in detail.
A mesonic bound state, in the axial gauge, is a sigma-model particle-antiparticle pair,
confined by a linear potential. The string tension is
σ = e2CN , (5.1.3)
where CN is the smallest eigenvalue of the Casimir operator of SU(N). The mass gap is
M = 2m+ E0 ≪M,
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where E0 is the smallest (positive) binding energy, and m is the mass of a sigma-model
elementary excitation. This massM is finite, for fixed m, as the ultraviolet cutoff is removed.
In contrast, the bare Yang-Mills mass M, which is proportional to 1/g0, diverges.
Our approach is similar to that of Ref. [1]. We find the wave function of an unbound
particle-antiparticle pair, taking into account scattering at the origin. Next, we generalize
this to the wave function of the pair, confined by a linear potential. The method is inspired
by the determination of the spectrum of the two-dimensional Ising model in an external
magnetic field [47]. More sophisticated approaches to this and other two-dimensional models
of confinement [48], [49], [50], including fine structure (form factors) of the fundamental
excitations, have been developed. We do not take into account decays or corrections to the
spectrum from matrix elements with more fundamental excitations [51] in this chapter. For
a general review, see Ref. [52].
5.2 The axial gauge Hamiltonian and confinement
In this section we derive the massive Yang-Mills Hamiltonian in the axial gauge. We show
that this action describes sigma-model particles and antiparticles confined by a linear po-
tential.
If the axial gauge A1 = 0, is chosen, the action (5.1.2) is
S =
∫
d2x
[
1
2
Tr (∂1A0)
2 +
1
2g20
Tr (∂0U
† + ieU †A0)(∂0U − ieA0U)
− 1
2g20
Tr ∂1U
†∂1U
]
.
If we naively eliminate A0, by its equation of motion (or integrate A0 from the functional
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integral), we obtain the effective action
S =
∫
d2x
(
1
2g20
Tr ∂µU
†∂µU +
1
2
jL0 a
1
−∂21 + e2/g20
jL0 a
)
, (5.2.1)
where jLµ (x)b = −iTr tb∂µU(x)U †(x) is the Noether current of the left-handed SU(N) sym-
metry. The potential induced on the color-charge density, in the second term of (5.2.1),
indicates that charges are screened, instead of confined. This conclusion, however, is based
on the fact that U †U = 1. In the renormalized theory, U is not a physical field. The physical
scaling field of the principal chiral nonlinear sigma model is not a unitary matrix. This fact
is discussed more explicitly in Refs. [36], in the limit N → ∞, with g20N fixed. The actual
excitations of the principal chiral model are massive, with a left and right color charge [19],
so that no screening takes place.
A more careful approach is to first find the Hamiltonian in the temporal gauge A0 = 0.
Gauge invariance, or Gauss’ law, must be imposed on physical states. The Hamiltonian is
H =
∫
dx1
{
g20
2
[jL0 (x
1)b]
2 +
1
2g20
[jL1 (x
1)b]
2 +
1
2
[E(x1)b]
2
+
e
g20
jL1 (x
1)bA1(x
1)b
}
, (5.2.2)
where A1(x
1)b = Tr tbA and Ea is the electric field, obeying [E(x
1)a, A1(y
1)b] = −iδabδ(x1 −
y1). The Hamiltonian (5.2.2) must be supplemented by Gauss’ law G(x1)aΨ = 0, for any
physical state Ψ, where G(x1)a is the generator of spatial gauge transformations:
G(x1)a = ∂1E(x
1)a + efabcA1(x
1)bE(x1)c − e
g20
jL0 (x
1)a . (5.2.3)
If we require that the electric field vanishes at the boundaries x1 = ±l/2, Gauss’ law may
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be explicitly solved [46], to yield the expression for the electric field:
E(x1)a =
∫ x1
−l/2
dy1
{
P exp
[
ie
∫ y1
−l/2
dz1A1(z1)
]} b
a
e
g20
jL0 (y
1)b, (5.2.4)
where A1(x1) ba = ifabcA1(x1)c is the gauge field in the adjoint representation. There remains
a global gauge invariance, which must be satisfied by physical states, i.e., ΓaΨ = 0, where
Γa =
∫ l/2
−l/2
dy1
{
P exp
[
ie
∫ y1
−l/2
dz1A1(z1)
]} b
a
e
g20
jL0 (y
1)b. (5.2.5)
Now we are free to chose A1(x
1)b = 0, which simplifies (5.2.4) and (5.2.5). The solution for
the electric field yields the Hamiltonian
H =
∫
dx1
{
g20
2
[jL0 (x
1)b]
2 +
1
2g20
[jL1 (x
1)b]
2
}
− e
2
2g40
∫
dx1
∫
dy1 |x1 − y1| jL0 (x1)b jL0 (y1)b, (5.2.6)
where in the last step, we have taken the size l of the system to infinity. The last term is
a linear potential which confines left-handed color. The Hamiltonian (5.2.6) is not bounded
from below on the full Hilbert space. This is because of the last, nonlocal term; the energy
can be lowered by adding pairs of colored particles (or antiparticles) and by separating them.
The residual Gauss-law condition ΓaΨ = 0, forces the global left-handed color to be a singlet,
thereby removing the instability,
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5.3 The free particle-antiparticle wave function: N > 2
The wave function of a free antiparticle at x1 and a free particle at x2, with momenta p1 and
p2, respectively, is
Ψp1, p2(x
1, y1)a1a2;b1b2 =


eip1x
1+ip2y1Aa1a2;b1b2 , for x
1 < y1,
eip2x
1+ip1y1SAP (θ)
d2c2;c1d1
a1b1;b2a2
Ac1c2;d1d2 , for x
1 > y1.
(5.3.1)
where Aa1a2;b1b2 is set of arbitrary complex numbers, and SAP (θ)
d2c2;c1d1
a1b1;b2a2
is the principal chiral
sigma model S-matrix.
The residual Gauss’ law in the axial gauge, ΓaΨ = 0, restricts physical states to those
which are invariant under global left-handed SU(N) color transformations. This means that
the particle-antiparticle state of the form (5.3.1) must be projected to a global left-color
singlet. A left-color-singlet wave function is
Ψp1p2(x
1, y1)b1b2 = δ
a1a2Ψp1, p2(x
1, y1)a1a2b1b2 . (5.3.2)
There are states of degeneracy N2 − 1, which resemble massive gluons. These transform
as the adjoint representation of the right-handed color symmetry. The wave function of such
a state is traceless in the right-handed color indices:
δb1b2Ψp1p2 ( x
1, y1)b1b2 = 0. (5.3.3)
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We use a non-relativistic approximation p1,2 ≪ m. The wave function in this limit becomes
Ψp1p2(x
1, y1)b1b2 =


eip1x
1+ip2y1Ab1b2 , for x
1 < y1,
eip2x
1+ip1y1 exp(iπ − ihN
πm
|p1 − p2|)Ab1b2 , for x1 > y1.
(5.3.4)
where TrA = 0, and
hN = 2
∫ ∞
0
dξ
sinh ξ
[
2(e2ξ/N − 1)− sinh(2ξ/N)]
= −4γ − ψ
(
1
2
+
1
N
)
− 3ψ
(
1
2
− 1
N
)
− 4 ln 4, (5.3.5)
where γ is the Euler-Mascheroni constant, and ψ(x) = d ln Γ(x)/dx is the digamma function.
The expression in (5.3.4) must be equal to the wave function of two confined particles for
sufficiently small |x1 − y1|. To compare the two expressions, it is convenient to use center-
of-mass coordinates, X, x, and their respective momenta P, p. Explicitly, X = x1 + y1,
x = y1 − x1, P = p1 + p2 and p = p2 − p1. In these coordinates, the wave function is
Ψp(x)b1b2 =


cos(px+ ω)Ab1b2 , for x > 0,
cos[−px+ ω − φ(p)]Ab1b2 , for x < 0,
(5.3.6)
for some constant ω, with the phase shift φ(p) = π − hN
πm
|p|.
Another type of mesonic state is the right-handed color singlet, with Ab1b2 = δb1b2 . The
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non-relativistic limit of the wave function in this case is
Ψp(x)singlet =


cos(px+ ω), for x > 0,
cos[−px+ ω − χ(p)], for x < 0,
(5.3.7)
where χ(p) = − hN
πm
|p|.
5.4 Mesonic states of massive Yang-Mills theory: N >
2
The wave function of a particle-antiparticle pair, confined by string tension σ, satisfies the
Schroedinger equation
− 1
m
d2
dx2
Ψ(x)b1b2 + σ |x| Ψ(x)b1b2 = EΨ(x)b1b2 , (5.4.1)
where E is the binding energy [47]. The solution to Equation (5.4.1) is
Ψ(x)b1b2 =


CAi
[
(mσ)
1
3
(
x− E
σ
)]
Ab1b2, for x > 0
C ′Ai
[
(mσ)
1
3
(−x− E
σ
)]
Ab1b2 , for x < 0,
(5.4.2)
where Ai(x) is the Airy function of the first kind, and C, C ′ are constants.
For |x| ≪ (mσ)−1/3, the potential energy in (5.4.1) is sufficiently small that the wave
function is (5.3.6), with |p| = (mE) 12 . The wave function (5.4.2) is approximated in this
82
CHAPTER 5. THE SPECTRUM OF (1+1)-DIMENSIONAL MASSIVE YANG-MILLS
THEORY
region by
Ψ(x)b1b2 =


C 1
(x+Eσ )
1
4
cos
[
2
3
(mσ)
1
2
(−x+ E
σ
) 3
2 − π
4
]
Ab1b2 , for x > 0,
C ′ 1
(x+Eσ )
1
4
cos
[
−2
3
(mσ)
1
2
(
x+ E
σ
) 3
2 + π
4
]
Ab1b2 , for x < 0.
Let us now consider the (N2 − 1)-plet of mesonic states. The wave functions (5.3.6) and
(5.4.2) should be the same for x ↓ 0, yielding
C
(E
σ
)
1
4
cos
[
2
3
(mσ)
1
2
(
E
σ
) 3
2
− π
4
]
= cos(ω). (5.4.3)
Equation (5.4.3) implies
C =
(
E
σ
) 1
4
, ω =
2
3
(mσ)
1
2
(
E
σ
) 3
2
− π
4
.
The wave functions (5.3.6) and (5.4.2) should also be the same for x ↑ 0, yielding
C ′(
E
σ
) 1
4
cos
[
−2
3
(mσ)
1
2
(
E
σ
) 3
2
+
π
4
]
= cos
[
ω − π + hN
πm
(mE)
1
2
]
, (5.4.4)
hence C ′ = C =
(
E
σ
) 1
4 . The arguments of the cosine on each side of (5.4.4) must be the
same, modulo 2π:
− 2
3
(mσ)
1
2
(
E
σ
) 3
2
+
π
4
+ 2πn =
2
3
(mσ)
1
2
(
E
σ
) 3
2
− 5π
4
+
hN
πm
(mE)
1
2 ,
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for n = 0, 1, 2, . . . . We simplify this to
4
3
(mσ)
1
2
(
E
σ
) 3
2
+
hN
πm
(mE)
1
2 −
(
n +
3
4
)
2π = 0. (5.4.5)
An analysis which is similar to that of the previous paragraph yields the quantization
condition for the right-handed singlet state (5.3.7). This is
4
3
(mσ)
1
2
(
E
σ
) 3
2
+
hN
πm
(mE)
1
2 −
(
n +
1
4
)
2π = 0. (5.4.6)
Equations (5.4.5) and (5.4.6) are depressed cubic equations of the variable Zn = E
1
2
n .
These cubic equations have only one real solution for each value of n, because hN/(πm
1
2 ) > 0.
The solution of Equations (5.4.5) and (5.4.6) is
En =
{[
ǫn +
(
ǫ2n + β
3
N
) 1
2
] 1
3
+
[
ǫn −
(
ǫ2n + β
3
N
) 1
2
] 1
3
} 1
2
, (5.4.7)
where
ǫn =
3π
4
( σ
m
) 1
2
(
n+
1
2
± 1
4
)
, βN =
hNσ
1
2
4πm
, (5.4.8)
where ± = + for the (N2 − 1)-plet, and ± = − for the singlet.
We show in the next section that the expressions (5.4.7) and (5.4.8) remain valid for the
SU(2) case, with h2 = −4 ln 2 + 2 and, significantly, with a reversal of the sign in (5.4.8).
For N = 2 only we must take ± = − for the (N2 − 1)-plet (the triplet) and ± = + for the
singlet.
Another interesting special case is the ’t Hooft limit, N →∞. The mass gap of the sigma
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model should be fixed in this limit. The string tension σ will be fixed as well [53], provided
e2N is fixed. In this limit hN → 0, and we find
En =
[
3π
2
( σ
m
) 1
2
(
n +
1
2
± 1
4
)]1/3
. (5.4.9)
5.5 The N = 2 case
The exponential expression for the S-matrix (4.2.18) is only correct for N > 2. The principal
chiral model with SU(2) × SU(2) symmetry is equivalent to the O(4)-symmetric nonlinear
sigma model. We will express the S-matrix, first found in Ref. [18], by an exponential
expression [24].
A state with one excitation has a left-handed color index a = 1, 2 and a right-handed color
index b = 1, 2. In the O(4) formulation, excitations have a single species index j = 1, 2, 3, 4.
The SU(2)× SU(2)-symmetric states are related to the O(4)-symmetric states by
|P, θ, a, b〉in =
∑
j
1√
2
(
δj4δab − iσjab
) |θ, j〉in,
|A, θ, a, b〉in =
∑
j
1√
2
(
δj4δab − iσjab
)∗ |θ, j〉in,
where σj with j = 1, 2, 3 are the Pauli matrices. The O(4) two-excitation S-matrix, S(θ)j1j2j′1j′2
is given by
out〈θ′1, j′1; θ′2, j′2|θ1, j1; θ2, j2〉in = S(θ)j1j2j′1j′2 4πδ(θ1 − θ
′
1) 4πδ(θ2 − θ′2),
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where [24]
S(θ)j1j2j′1j′2
=
[
θ + πi
θ − πi(P
0)j1j2j′1j′2
+
θ − πi
θ + πi
(P+)j1j2j′1j′2
+ (P−)j1j2j′1j′2
]
Q(θ),
Q(θ) = exp 2
∫ ∞
0
dξ
ξ
e−ξ − 1
eξ + 1
sinh
(
ξθ
πi
)
,
and P 0, P+, and P− are the singlet, symmetric-traceless, and antisymmetric projectors,
which are
(P 0)j1j2j′1j′2
=
1
4
δj1j2δj′1j′2 , (P
+)j1j2j′1j′2
=
1
2
(δj1j′1
δj2j′2
+ δj1j′2
δj2j′1
)− 1
4
δj1j2δj′1j′2 ,
(P−)j1j2j′1j′2
=
1
2
(δj1j′1
δj2j′2
− δj1j′2δ
j2
j′1
),
respectively.
We write the left-color-singlet wave function for a free particle and antiparticle:
Ψp1,p2(x
1, y1)b1b2 = D
j1j2
b1b2


eip1x
1+ip2y1Aj1j2, for x
1 > y1
eip2x
1+ip1y1S(θ)
j′1j
′
2
j1j2
Aj′1j′2 , for x
1 < y1,
(5.5.1)
where
Dj1j2b1b2 =
1
2
δa1a2
(
δj14δa1b1 − iσj1a1b1
)∗ (
δj24δa2b2 − iσj2a2b2
)
.
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There is a triplet of degenerate states and one singlet state. The triplet satisfies
δb1b2Ψp1,p2(x
1, y1)b1b2 = 0. (5.5.2)
Substituting (5.5.1) into (5.5.2) gives the condition
δb1b2 Dj1j2b1b2 Aj1j2 = δ
j1j2Aj1j2 = 0 .
The traceless matrix Aj1j2 can be split into a symmetric and an antisymmetric part, A
+
j1j2
=
(Aj1j2 +Aj2j1)/2 and A
−
j1j2
= (Aj1j2 −Aj2j1)/2, respectively. The matrix A+j1j2, however, does
not contribute to the wave function (5.5.1), because
Dj1j2b1b2A
+
j1j2
=
1
2
δb1b2TrA
+ = 0.
The matrix A−j1j2 satisfies [18], [24]:
S(θ)j1j2j′1j′2
A−j1j2 = Q(θ)A
−
j′1j
′
2
. (5.5.3)
Substituting (5.5.3) into (5.5.1), in center-of-mass coordinates and the non-relativistic limit,
we find
Ψp(x)b1b2 = D
j1j2
b1b2


cos(px+ ω)Aj1j2, for x > 0,
cos[−px+ ω − φ(p)]Aj1j2, for x < 0,
(5.5.4)
87
CHAPTER 5. THE SPECTRUM OF (1+1)-DIMENSIONAL MASSIVE YANG-MILLS
THEORY
where φ(p) = − ih2
πm
|p|, where
h2 = 2
∫ ∞
0
dξ
e−ξ − 1
eξ + 1
= −4 ln 2 + 2. (5.5.5)
The wave function of the right-color-singlet bound state is
Ψsingletp1,p2 (x
1, y1) =


eip1x
1+ip2y1 , for x1 > y1,
eip2x
1+ip1y1 θ+πi
θ−πi
Q(θ), for x1 < y1.
(5.5.6)
In center-of-mass coordinates, in the non-relativistic approximation, this becomes
Ψsingletp (x) =


cos(px+ ω), for x > 0,
cos[−px+ ω − χ(p)], for x < 0,
(5.5.7)
where χ(p) = π − ih2
πm
|p|.
From this point onward, the analysis is similar to what we’ve presented in the last two
sections. We obtain (5.4.7), (5.4.8), except that hN (defined in (5.3.5)) is replaced with h2
(defined in (5.5.5)), with one important difference; we have ± = + for the singlet and ± = −
for the triplet in Eq. (5.4.8).
5.6 Relativistic corrections
In the future, we would like to find relativistic corrections to the mass spectrum. This was
done in Ref. [50] for the Ising model in an external magnetic field. The goal would be to
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find mesonic eigenstates of the Hamiltonian (5.2.6) of the form:
|ΨB〉b1b2 = |Ψ(2)B 〉b1b2 + |Ψ(4)B 〉b1b2 + |Ψ(6)B 〉b1b2 + . . . ,
where the state |Ψ(2M)B 〉b1b2 contains M particles and M antiparticles. The multi-particle
contributions are included because an electric string may break [51], producing pairs of sigma-
model excitations. Nonetheless, for small gauge coupling, the “two-quark” approximation is
valid. In the this approximation, the bound state is treated as
|ΨB〉b1b2 ≈ |Ψ(2)B 〉b1b2 =
1
2
∫
dθ1
4π
dθ2
4π
Ψ(p1, p2)a2a2 |A, θ1, b1, a1;P, θ2, a2, b2〉,
where,
Ψ(p1, p2)a1a2 = S(θ)
[
δc1a1δ
c2
a2 −
2πi
N(πi− θ)δa1a2δ
c1c2
]
Ψ(p2, p1)c1c2.
(5.6.1)
The spectrum of masses ∆, of the states (5.6.1) is found from the Bethe-Salpeter equation
(H −∆)|Ψ(2)B 〉b1b2 = 0. Acting with the Hamiltonian (5.2.6) on this state, yields
(m cosh θ1 +m cosh θ2 −∆)Ψ(p′1, p′2)c1c2δb1d1δb2d2
=
e2
4g40
∫
dθ1
4π
dθ2
4π
Ψ(p1, p2)a1a2
∫
dx1dy1|x1 − y1|
×〈A, θ′1, d1, c1;P, θ′2, c2, d2|Tr
[
jL0 (x
1)jL0 (y
1)
] |A, θ1, b1, a1;P, θ2, a2, b2〉,
(5.6.2)
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where the operator Tr
[
jL0 (x
1)jL0 (y
1)
]
is not time-ordered. The matrix element
〈A, θ′1, d1, c1;P, θ′2, c2, d2|Tr
[
jL0 (x
1)jL0 (y
1)
] |A, θ1, b1, a1;P, θ2, a2, b2〉
is obtained by inserting a complete set of states between the current operators and using the
exact form factors of the currents of the principal chiral sigma model. For finite N , only the
leading two-particle form factors of currents are known from the previous chapter, and only
a vacuum insertion can be made. The complete matrix element is known at large N , which
should help in finding the relativistic corrections to the eigenvalues of Eq. (5.6.2).
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Chapter 6
(2+1)-dimensional Yang-Mills theory
and form factor perturbation theory
6.1 The low lying glueball mass spectrum
This chapter contains material previously published in [54]
In this chapter we turn our attention to the anisotropic (2+1)-dimensional Yang-Mills
theory described in Chapter 2. In the highly anisotropic limit, this theory becomes an array
principal chiral sigma models, weakly coupled in the x2 direction. We calculate physical
quantities of the anisotropic theory using exact, non-perturbative information from the sigma
model. The physical quantities we calculate are the low lying glueball masses, and the string
tensions for quarks separated either in the x1, or x2 direction.
I should clarify that these calculations have been done before by P. Orland, in References
[1], [2], [3], for the SU(2) gauge group. The glueball masses and string tensions in these
references were calculated using the O(4)-nonlinear sigma model S-matrix and form factors
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(similar to our calculation from Section 5.5). In this chapter we merely generalize these
calculations for the SU(N) group, using our new results from Chapter 4. The reason this
has not been done before is that the form factors of the principal chiral sigma model were
not known until now.
In this section we calculate the masses of the lightest particles in the anisotropic Yang-
Mills theory (which we call glueballs). We recall the Hamiltonian of the anisotropic theory
(in axial gauge):
H = H0 + λ
2H1,
with
H0 =
∑
x2
HPCSM(x),
and
H1 =
∑
x2
∫
dx1
∫
dy1
1
4g20a
|x1 − y1|
× [jL0 (x1, x2)− jR0 (x1, x2 − a)]
× [jL0 (y1, x2)− jR0 (y1, x2 − a)] . (6.1.1)
After axial gauge fixing, there is the residual (global) Gauss’s law constraint on physical
states:
∫
dx1
[
jL0 (x
1, x2)b − jR0 (x1, x2 − a)b
]
Ψ = 0, (6.1.2)
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The constraint (6.1.2) requires that there be an equal number of particles and antiparticles
in each x2 layer. Furthermore, it requires that the excitations form left- and right-color
singlets. If the sigma model at x2 has a particle with a left color index, a1, this index has to
be contracted with either the left-color index of an antiparticle in the x2 layer, or the right
color index of a particle in the (x2 + a) layer. A glueball in this theory consists of several
sigma-model excitations, forming a color-singlet bound state.
The simplest and lightest glueball is one composed of only one particle and one antipar-
ticle, at the same value of x2. The gauss law constraint requires that their left and right
handed color indices be contracted. The interaction Hamiltonian (6.1.1) provides a confining
linear potential, with string tension
σ = 2σH = 2λ2
g20
a2
CN . (6.1.3)
The factor of 2 comes the fact that both the left and right color charges are confined.
The problem is now essentially (1+1)-dimensional. We can calculate the massive gluon
spectrum doing exactly the same calculation as in Chapter 5, but using the new string
tension, σ, from Eq. (6.1.3).
The glueball masses are given by Mn = 2m + En, where m is the mass of the sigma
model particles, and En is the binding energy. Because both the left and right handed colors
are confined, The glueball masses correspond to the singlet mesons from last chapter. For
N > 2, the binding energy is then given by
En =
{[
ǫn +
(
ǫ2n + β
3
N
) 1
2
] 1
3
+
[
ǫn −
(
ǫ2n + β
2
N
) 1
2
] 1
3
} 1
2
, (6.1.4)
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where
ǫn =
3π
4
( σ
m
) 1
2
(
n+
1
4
)
, βN =
hNσ
1
2
4πm
,
for n = 0, 1, 2, . . . , where σ is defined in Eq. (6.1.3) and hN is defined in Eq. (5.3.5).
The spectrum (6.1.4) generalizes the result from Ref. [1] for general N > 2. The result
found in Ref. [1] corresponds to our N = 2 spectrum from Section 5.5. The N = 2 low lying
glueball spectrum is given by Eq. (6.1.4) but substituting
ǫn =
3π
4
( σ
m
) 1
2
(
n +
5
4
)
,
and h2 = −4 ln 2 + 2.
6.2 The horizontal string tension
In this section we compute quantum corrections to the string tension σH . This calculation
has been done before, in Reference [2], for N = 2 using the form factors of the O(4) sigma
model. In this section we generalize these results for N > 2, using the form factors from
Chapter 4.
It is convenient to rewrite the Hamiltonian (6.1.1) by reintroducing the auxiliary field
Φ = −A0, such that
H1 =
∑
x2
∫
dx1
{
g20 a
2
4
∂1Φ(x
1, x2)∂1Φ(x
1, x2)
−jL0 (x1, x2)Φ(x1, x2)− jR0 (x1, x2)Φ(x1, x2 + a)
}
. (6.2.1)
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By integrating out the auxiliary field, Φ, we see the Hamiltonians, (6.2.1) and (6.1.1) are
equivalent.
We can easily introduce static quarks into the Hamiltonian (6.2.1) by coupling them to
the auxiliary field, Φ. Our goal is to find the potential energy of a quark-antiquark pair
separated only in the x1 direction. By integrating out the sigma model degrees of freedom,
we can find the quantum corrections to the string tension σH . The Hamiltonian with a quark
of charge q at the space point (u1, u2), and an antiquark of charge q′ at the space-time point
(v1, v2), is
H1 =
∑
x2
∫
dx1
{
g20 a
2
4
∂1Φ(x
1, x2)∂1Φ(x
1, x2)
−jL0 (x1, x2)Φ(x1, x2)− jR0 (x1, x2)Φ(x1, x2 + a)
+ g20 qΦ(u
1, u2)− g20 q′Φ(v1, v2)
}
. (6.2.2)
With these static quarks, the residual gauss law on physical states is modified to:
∫
dx1
[
jL0 (x
1, x2)b − jR0 (x1, x2 − a)b
+ qbδ(x
1 − u1)δx2u2 − q′bδ(x1 − v1)δx2v2
]
Ψ = 0. (6.2.3)
To find the string tension, σH , we set u2 = v2, and integrate out the sigma model field,
U . We obtain an effective action, Seff(Φ), by
eiSeff (Φ) = 〈0|T ei
∫
dx0λ2H1 |0〉, (6.2.4)
where T stands for time ordering. The field Φ in (6.2.4) is treated as a background classical
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field. Expanding (6.2.4) in powers of λ, up to quartic order, we find
iSeff(A0) ≈ −iλ2
∑
x2
∫
d2x
g20a
2
4
Φ∂21Φ + iλ
4S(2)(Φ) +O(λ6)
− λ2
∑
x2
∫
d2x
[
g20 q(x
0) Φ(x0, u1, u2)− g20 q′(x0)Φ(x0, v1, v2)
]
, (6.2.5)
where
iS(2) ≡ −1
2
∑
x2
∫
d2xd2y D(x0, x1, y0, y1, x2)acefΦ(x
0, x1, x2)acΦ(y
0, y1, x2)ef ,
where
D(x0, x1, y0, y1, x2)acef ≡ 〈0|T jL0 (x0, x1, x2)ac jL0 (y0, y1, x2)ef |0〉. (6.2.6)
We compute the correlation function (6.2.6) by introducing a complete set of intermediate
states between the two operators. The non-time-ordered correlation function is given by
〈0|jL0 (x)ac jL0 (y)ef |0〉 =
∞∑
M=1
1
N(M !)2
∫
dθ1 . . . dθ2M
(2π)2M
e−i(x−y)·[
∑2M
j=1 pj]
×〈0|jLµ (0)a0c0|A, θ1, b1, a1; . . . ;
A, θM , bMaM ;P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M 〉
× [〈0|jLν (0)e0f0 |A, θ1, b1, a1; . . . ;
A, θM , bMaM ;P, θM+1, aM+1, bM+1; . . . ;P, θ2M , a2M , b2M 〉]∗ .
The correlation function (6.2.6) can be found exactly at large N using the form factors from
Chapter 4. For general N <∞, we can only calculate a large-distance approximation, using
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the two-particle form factor (also found in Chapter 4). At large distances, it is sufficient to
compute only the first intermediate state, with one particle and one antiparticle.
We recall, from Section 4.2, the form factor with one particle and one antiparticle is
〈0|jLµ (x)ac | A, θ1, b1, a1;P, θ2, a2, b2〉
= (p1 − p2)µ
(
δa0a2δc0a1δb1b2 −
1
N
δa0c0δa1a2δb1b2
)
e−ix·(p1+p2)
× 2πi
(θ + πi)
exp
∫ ∞
0
dξ
ξ
[
−2 sinh (2ξ
N
)
sinh ξ
+
4e−ξ
(
e2ξ/N − 1)
1− e−2ξ
]
sin2[ξ(πi− θ)/2π]
sinh ξ
. (6.2.7)
Inserting (6.2.7) into (6.2.6) and time ordering, we find
D(x, y)acef =
∫
dθ1 dθ2
(2π)2
m2(cosh θ1 − cosh θ2)2
×
(
δaa2δca1 −
1
N
δacδa1a2
)(
δea2δfa1 −
1
N
δefδa1a2
)
× exp {−im sgn(x0 − y0) [(x0 − y0)(cosh θ1 + cosh θ2)
−(x1 − y1)(sinh θ1 + sinh θ2)
]}
×
{
2πi
(θ + πi)
exp
∫ ∞
0
dξ
ξ
[
−2 sinh (2ξ
N
)
sinh ξ
+
4e−ξ
(
e2ξ/N − 1)
1− e−2ξ
]
sin2[ξ(πi− θ)/2π]
sinh ξ
}2
. (6.2.8)
The color factor in (6.2.8) is
(
δaa2δca1 −
1
N
δacδa1a2
)(
δea2δfa1 −
1
N
δefδa1a2
)
= δaeδef − 1
N
δacδef . (6.2.9)
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The term in the right-hand side of (6.2.9) proportional to 1
N
does not contribute when we
plug (6.2.8) back into (6.2.5), because the field Φ is traceless, so we will ignore this term
from now on.
We evaluate iS(2)(Φ) using coordinates Xµ, rµ, defined by xµ = Xµ + 1
2
rµ, and yµ =
Xµ − 1
2
rµ. We then use the derivative expansion for X ≫ r:
Φ(x) = Φ(X) +
rµ
2
∂µΦ(X) +
rµrν
8
∂µ∂νΦ(X) + . . . ,
Φ(y) = Φ(X)− r
µ
2
∂µΦ(X) +
rµrν
8
∂µ∂νΦ(X)± . . . , (6.2.10)
where ∂µ denotes ∂/∂X
µ. This derivative expansion is valid at large distances. The quadratic
contribution to the effective action is
iS(2) = − i
2
∫
d2Xd2r D
(
X +
r
2
, X − r
2
)
acef
×Φ
(
X +
r
2
)
ac
Φ
(
X − r
2
)
ef
. (6.2.11)
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We substitute (6.2.10) into (6.2.11) and find
iS(2) = − i
2
∫
d2Xd2r
∫
dθ1 dθ2
(2π)2
m2(cosh θ1 − cosh θ2)2δaeδcf
× exp {−im sgn(r0) [(r0)(cosh θ1 + cosh θ2)
−(r1)(sinh θ1 + sinh θ2)
]}
×
{
2πi
(θ + πi)
exp
∫ ∞
0
dξ
ξ
[
−2 sinh (2ξ
N
)
sinh ξ
+
4e−ξ
(
e2ξ/N − 1)
1− e−2ξ
]
sin2[ξ(πi− θ)/2π]
sinh ξ
}2
×
(
Φ(X)ac +
rµ
2
∂µΦ(X)ac +
rµrν
8
∂µ∂νΦ(X)ac
)
×
(
Φ(X)ef − r
µ
2
∂µΦ(X)ef +
rµrν
8
∂µ∂νΦ(X)ef
)
. (6.2.12)
We keep only terms quadratic in r in (6.2.12) and then integrate out the r variable. Only
the terms proportional to (r1)2 give a non-vanishing contribution in (6.2.12). After this
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integration, we find the effective action:
Seff(Φ) =
∫
d2x
1
2
Φ∂21Φ
×
{
1− λ2 Nm
2(2π)2
∫
dθ1dθ2
sinh2
(
θ1+θ2
2
)
sinh2
(
θ1−θ2
2
)
cosh
(
θ1+θ2
2
)
cosh
(
θ1−θ2
2
)
× δ′′
(
2m cosh
(
θ1 + θ2
2
)
sinh
(
θ1 − θ2
2
))
× 4π
2
(θ1 − θ2)2 + π2
exp 2
∫ ∞
0
dξ
ξ
[
−2 sinh (2ξ
N
)
sinh ξ
+
4e−ξ
(
e2ξ/N − 1)
1− e−2ξ
]
sin2[ξ(πi− (θ1 − θ2))/2π]
sinh ξ
}
− λ2
∑
x2
∫
d2x
[
g20 q(x
0) Φ(x0, u1, u2)− g20 q′(x0)Φ(x0, v1, v2)
]
.
We can now read off the renormalized string tension σH , by integrating out the auxiliary
field Φ:
σH = λ2
g20
a2
CN
{
1−
[
λ2
Nm
2(2π)2
∫
dθ1dθ2
sinh2
(
θ1+θ2
2
)
sinh2
(
θ1−θ2
2
)
cosh
(
θ1+θ2
2
)
cosh
(
θ1−θ2
2
)
×δ′′
(
2m cosh
(
θ1 + θ2
2
)
sinh
(
θ1 − θ2
2
))
× 4π
2
(θ1 − θ2)2 + π2
exp 2
∫ ∞
0
dξ
ξ
[
−2 sinh (2ξ
N
)
sinh ξ
+
4e−ξ
(
e2ξ/N − 1)
1− e−2ξ
]
sin2[ξ(πi− (θ1 − θ2))/2π]
sinh ξ
]}−1
.
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After the integration over θ1 and θ2, the string tension is
σH = λ2
g20
a2
CN
{
1− λ2 N
3m3(2π)2
exp 2
∫ ∞
0
dξ
ξ
[
−2 sinh (2ξ
N
)
sinh ξ
+
4e−ξ
(
e2ξ/N − 1)
1− e−2ξ
]
sin2
(
iξ
2
)
sinh ξ
}−1
. (6.2.13)
The string tension (6.2.13) generalizes the result from Refence [2] from N = 2, to general
N > 2.
In the next section we compute the string tension for a quark-antiquark pair separated
in the x2 direction, rather than x1. We call this the vertical string tension σV .
6.3 The vertical string tension
In this section we calculate the string tension, σV , for a quark-antiquark pair separated only
in the x2 direction. This calculation has been done before in Reference [3] for the SU(2)
gauge group. We show here how to generalize this result for N > 2 using the form factors
from Chapter 4.
If we place a static quark at the space point u1, u2, and an antiquark at u1, v2, with
u2 > v2, The residual Gauss’s Law (6.2.3) requires that there be at least one sigma model
particle in each x2 layer, for u2 > x2 > v2. The left-handed color index of a particle at x2 is
contracted with the right-handed color of the particle at x2+a. The left-handed color index
of the particle at u2 − a and the right-handed color of the particle at v2 + a are contracted
with the color indices of the quark at u2, and the antiquark at v2, respectively. The physical
state then resembles a color-singlet string of sigma model particles, whose endpoints are the
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quarks. The vertical string tension is obtain by calculating the energy of this string,
σV = lim
|u2−v2|→∞
Estring
|u2 − v2| .
The first approximation is obtained by assuming the energy of the string is only given by
the mass of the sigma model particles, such that Estring =
m
a
|u2 − v2|, so σV = m/a.
Corrections to the vertical string tension are found by calculating the contributions to
the energy of the string from the Hamiltonian λ2H1. As in Reference [3], we will use a non
relativistic approximation, where the sigma model particles have momentum much smaller
than their mass, so we will ignore any creation or annihilation of particles.
The projection of the Hamiltonian onto the non relativistic string state is
H =
u2∑
x2=v2
{
m+
∫
dp
2π
p2
2m
A
†
P (p)abAP (p)ab
}
+ λ2H1,
where A†P (p)ab, and AP (p)ab are the sigma model particle creation and annihilation operators,
respectively, and
H1 =
∑
x2
∫
dx1
∫
dy1
1
4g20a
|x1 − y1|
× [jL0 (x1, x2)− jR0 (x1, x2 − a) + qbδ(x1 − u1)δx2u2 − q′bδ(x1 − u1)δx2v2]
× [jL0 (y1, x2)− jR0 (y1, x2 − a) + qbδ(y1 − u1)δx2u2 − q′bδ(y1 − u1)δx2v2] ,
(6.3.1)
where we have again eliminated the auxiliary field, Φ.
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We now now need to find the expectation value
〈string|H1|string〉, (6.3.2)
where the state |string〉 has a sigma-model particle for every x2, whose center of mass is
located at x1 = z(x2). To evaluate (6.3.2), we need matrix elements of the form
〈P, z1, a1, b1|jC0 (x)ac|P, z2, a2, b2〉 =
∫
dp1
2π
1√
2E1
∫
dp2
2π
1√
2E2
×e−ip1·(z1−x)+ip2·(z2−x)〈P, θ1, a1, b1|jC0 (x)ac|P, θ2, a2, b2〉, (6.3.3)
where the matrix element on the right hand side of (6.3.3) is the two particle form factor from
Section 4.2 (with the incoming antiparticle crossed to an outgoing particle), and C = L,R.
By applying crossing symmetry on the form factor (4.2.19), we find
〈P, θ1, a1, b1|jC0 (x)ac|P, θ2, a2, b2〉
= (p1 + p2)0D
C
a c a1a2b1b2
× 2πi
θ + 2πi
exp
∫ ∞
0
dξ
ξ

−2 sinh (2ξN )
sinh ξ
+
4e−ξ
(
e
2ξ
N − 1
)
1− e−2ξ

 sin2[ξθ/2π]
sinh ξ
,
where
D
L
a c a1a2b1b2
= δa a2δc a1δb1b2 −
1
N
δa c δa1a2δb1b2 ,
D
R
a c a1a2b1b2
= δa b2δc b1δa1a2 −
1
N
δa cδa1a2δb1b2 .
103
CHAPTER 6. (2+1)-DIMENSIONAL YANG-MILLS THEORY AND FORM FACTOR
PERTURBATION THEORY
Taking the non-relativistic limit, we find
1√
2E1
1√
2E2
〈P, θ1, a1, b1|jC0 (x)a c|P, θ2, a2, b2〉
≈ DCa c a1a2b1b2 exp−
AN
m2
(p1 − p2)2.
where
AN =
∫ ∞
0
dξ
4π2
ξ
sinh ξ
[
sinh
(
2ξ
N
)
− 2 (e2ξ/N − 1)]
=
1
16
π2
[
2π2 − 3ψ(1)
(
1
2
− 1
N
)
− ψ(1)
(
1
2
+
1
N
)]
,
for N > 2, where ψ(n)(x) = dn+1 ln Γ(x)/dxn+1 is the n-th polygamma function.
The matrix element (6.3.3) is then
〈P, z1, a1, b1|jC0 (x)ac|P, z2, a2, b2〉
=
√
m2
2πAN
D
C
a c a1a2b1b2
exp
[
− m
2
4AN
(
z1 + z2
2
− y
)2]
δ(z1 − z2).
(6.3.4)
This means that the color of a particle is a Gaussian distribution in the non relativistic limit.
In this sense, they are not point-like particles, but the color is smeared over space.
We now use (6.3.4) to write the effective Hamiltonian of the non-relativistic string. This
is given by the projection of the Hamiltonian (6.3.1) onto the state |string〉, which has a
sigma-model particle at each x2 layer, located at the point z1(x2), for u2 > x2 > v2, a static
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quark at u1, u2, and an antiquark at u1, v2. The string Hamiltonian is
Hstring =
m
a
(v2 − u2)− 1
2m
u2−a∑
x2=v2
∂2
∂z1(x2)2
+ λ2Vbulk + λ
2Vends,
where
Vbulk = − m
2
8πAN
1
g20a
2
u2−a∑
x2=v2+a
∫
dx1 dy1|x1 − y1|
×
{
e
− m
2
4AN
[z1(x2)−x1]
2
D
L(x2)a c a1a2b1b2
−e− m
2
4AN
[z1(x2−a)−x1]
2
D
R(x2 − a)a c a1a2b1b2
}
×
{
e
− m
2
4AN
[z1(x2)−y1]
2
D
L(x2)a c a2a1b2b1
−e− m
2
4AN
[z1(x2−a)−y1]
2
D
R(x2 − a)a c a2a1b2b1
}
, (6.3.5)
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and
Vends = − 1
4g20a
2
∫
dx1dy1|x1 − y1|
{√
m2
2πAN
e
− m
2
4AN
[z1(v2)−x1]
2
D
R(v2)a c a1a2b1b2
+δ(x2 − v1)q′a c4πδa1a2δb1b2
}
×
{√
m2
2πAN
e
− m
2
4AN
[z1(v2)−y1]
2
D
R(v2)a c a1a2b1b2
+δ(y1 − u1)q′a c4πδa1a2δb1b2
}
− 1
4g20a
2
∫
dx1dy1|x1 − y1|
×
{√
m2
2πAN
e
− m
2
4AN
[z1(u2−a)−x1]
2
D
L(u2 − a)a c a1a2b1b2
+δ(x2 − u1)q′a c4πδa1a2δb1b2
}
×
{√
m2
2πAN
e
− m
2
4AN
[z1(u2−a)−y1]
2
D
L(u2 − a)a c a1a2b1b2
+δ(y2 − u1)q′a c4πδa1a2δb1b2
}
. (6.3.6)
Enforcing the residual Gauss’s law (6.2.3) on (6.3.5) and (6.3.6), implies
∫
dx1
{
−
√
m2
2πAN
e
− m
2
4AN
[z1(x2)−x1]
2
D
L(x2)a c a1a2b1b2
+
√
m2
2πAN
e
− m
2
4AN
[z1(x2−a)−x1]
2
D
R(x2 − a)a c a1a2b1b2
}
Ψ = 0, (6.3.7)
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for u2 > x2 > v2, and
∫
dx1
√
m2
2πAN
{
e
− m
2
4AN
[z1(v2)−x1]
2
D
R(v2)a c a1a2b1b2
−q′a cδ(x1 − u1)4πδa1a2δb1b2
}
Ψ = 0,∫
dx1
√
m2
2πAN
{
e
− m
2
4AN
[z1(u2−a)−x1]
2
D
L(u2 − a)a c a1a2b1b2
−qa cδ(x1 − u1)4πδa1a2δb1b2
}
Ψ = 0, (6.3.8)
respectively. The constraint (6.3.7) is satisfied by identifying DL(x2)a c a1a2b1b2 = D
R(x2 −
a)a c a1a2b1b2 . The constraint (6.3.8) is satisfied by identifyingD
R(v2)a c a1a2b1b2 = q
′
a c4πδa1a2δb1b2 ,
and DL(u2 − a)a c a1a2b1b2 = qa c4πδa1a2δb1b2 . Using this, we can eliminate the color degrees of
freedom from (6.3.5) and (6.3.6).
Now we want to integrate out the variables x1 and y1 from equations (6.3.5) and (6.3.6).
The integrals involved are:
∫
dx1dy1|x1 − y1|e− m
2
4AN
[(x1)2+(y1)2] =
4
√
2πA
3/2
N
m3
,
∫
dx1dy1|x1 − y1|e− m
2
4AN
[(x1+r)2+(y1)2] =
4
√
2πA
3/2
N
m3
P (r),∫
dx1|x1 − u1|e− m
2
4AN
[x1−z1(U2)]
2
=
2AN
m2
P
[√
2z1(u2)−
√
2u1
]
,
Where P (r) is a function for which we do not have an exact analytic expression, but its
behavior for small and large r is
P (r) =


1 + m
2r2
4AN
, r << 1
m
,√
π
2AN
m|r|, r >> 1
m
.
(6.3.9)
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After integrating out x1, and y1, the string Hamiltonian is
Hstring =
m
a
(u2 − v2)− 1
2m
u2−a∑
x2=v2
∂2
∂z1(x2)2
−λ
2N(N2 − 1)
mg20a
2
√
AN
2π
u2∑
x2=v2+a
{
1− P [z1(x2)− z1(x2 − a)]}
−λ
2N(N2 − 1)
mg20a
2
√
AN
2π
(
1 + P
{√
2
[
z1(v2)− u1]}
+P
{√
2
[
z1(u2 − a)− u1]}) , (6.3.10)
where we have used
(
D
C
)2
= N
(
N2 − 1) .
The potential energy between a static quark-antiquark pair is then determined by finding
the ground state of the Hamiltonian (6.3.10).
We further simplify the Hamiltonian (6.3.10) using the small-gradient approximation.
That is, in the non-relativistic limit (when the sigma model mass gap is taken to be very
large), we expect that the sigma-model particles in two adjacent x2 layers are close to each
other in the x1 direction. Specifically, we assume |z1(x2) − z1(x2 − a)| << m−1. At the
endpoints of the string, we also assume |z1(v2)−u1| << m−1, and |z1(u2−a)−u1| << m−1.
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Using Eq. (6.3.9), the small-gradient approximation gives the Hamiltonian
Hstring =
λ2N(N2 − 1)
mg20a
2
√
AN
2π
+
m
a
(u2 − v2)− 1
2m
v2−a∑
x2=v2
∂2
∂z1(x2)2
+
λ2N(N2 − 1)
4mg20a
2
√
1
2πAN
u2−a∑
x2=v2+a
[
z1(x2)− z1(x2 − a)]2
+
λ2N(N2 − 1)
2mg20a
2
√
1
2πAN
{[
z1(v2)− u1]2 + [z1(u2 − a)− u1]2} .
(6.3.11)
The first term in the Hamiltonian (6.3.11) is just a constant with no physical significance,
so we will ignore it from now on. The Hamiltonian (6.3.11) is equivalent Q = (u2 − v2) /a
coupled harmonic oscillators. The ground-state energy is then given by
E0 = mQ− λ
√
N(N2 − 1)
g0a
(
1
2πAN
) 1
4
Q∑
q=0
sin
πq
2Q
. (6.3.12)
Using the Euler summation formula, for large Q:
Q∑
q=0
F
(
q
Q
)
= Q
∫ 1
0
dxF (x)− 1
2
[F (1)− F (0)]
+
1
12Q
[F ′(1)− F ′(0)] +O
(
1
Q2
)
,
the ground-state energy (6.3.12) becomes (dropping any constants that do not depend on
109
CHAPTER 6. (2+1)-DIMENSIONAL YANG-MILLS THEORY AND FORM FACTOR
PERTURBATION THEORY
Q)
E0 =
[
m
a
− 2λ
√
N(N2 − 1)
πg0a2
(
1
2πAN
) 1
4
]
L
+
π
24
λ
√
N(N2 − 1)
g0
(
1
2πAN
) 1
4 1
L
+O
(
1
L2
)
. (6.3.13)
where the distance between the quark and antiquark is L = Qa.
We can easily read the vertical string tension off (6.3.13):
σV =
m
a
− 2λ
√
N(N2 − 1)
πg0a2
(
1
2πAN
) 1
4
. (6.3.14)
There is also a Coulomb-like term in the quark-antiquark potential, which is proportional to
1/L.
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Chapter 7
Anisotropic renormalization group for
gauge theories
7.1 Classical longitudinal rescaling
This chapter contains material previously published in [55] and [56].
The longitudinal rescaling of coordinates described in Chapter 2 is completely classical.
In a quantum field theory, a rescaling of coordinates changes the energy scales of the theory,
and a renormalization group procedure is needed. We consider the effect of longitudinal
rescaling of (3+1)-dimensional quantum electrodynamics (QED) in Sections (7.1-7.5). We
study the longitudinal rescaling of (3+1)-dimensional QCD in Sections (7.6-7.9).
In QED, the Abelian gauge field with Lorentz components Aµ, µ = 0, 1, 2, 3, trans-
forms as A0,3 → λ−1A0,3 and A1,2 → A1,2. The action of the Maxwell gauge field is
SG = − 14g2
∫
d4xFµνF
µν , where Fµν = ∂µAν − ∂νAµ, indices are raised with the usual
Minkowski metric and g is the bare electric charge. Under longitudinal rescaling, the gauge
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action becomes
SG −→ 1
4g2
∫
d4x
(
F 201 + F
2
02 − F 213 − F 223 + λ−2F 203 − λ2F 212
)
. (7.1.1)
The massless Dirac action transforms as
SDirac −→ i
∫
d4x ψ¯
[
λ−1γ0D0 + λ
−1γ3D3 + γ
1D1 + γ
2D2
]
ψ,
where Dµψ = ∂µψ+ iAµψ is the covariant derivative of ψ. If we make an additional rescaling
of the spinor field ψ → λ 12ψ and ψ¯ → λ 12 ψ¯, we obtain
SDirac −→ i
∫
d4x ψ¯
[
γ0D0 + γ
3D3 + λγ
1D1 + λγ
2D2
]
ψ. (7.1.2)
In the quantum theory, anomalous powers of λ will appear in the rescaled action (7.1.1)
(7.1.2).
In the quantum theory, classical rescalings are no longer possible. The best-known is
example is the effect of a dilatation on a classically conformal invariant field theory. Quantum
corrections violate this classical symmetry.
One can imagine cutting off the quantum field theory in the ultraviolet by a cubic lat-
tice, with lattice spacing a. Rescaling changes the lattice spacing of longitudinal coordi-
nates to λa, but does not change the lattice spacing of transverse coordinates, making the
cutoff anisotropic. We therefore use a two-step process, where we first integrate out high-
longitudinal momentum degrees of freedom, then restore isotropy with longitudinal rescaling.
Instead of a lattice, we use a sharp-momentum cutoff and Wilson’s renormalization proce-
dure, to integrate out high-momentum modes [57]. This was done in reference [58] for pure
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Yang-Mills theory.
In the next section we review basic Wilsonian renormalization. Then we examine the
renormalization of QED first with a spherical momentum cutoff and then with aspherical
cutoffs, which treat longitudinal momenta and transverse momenta differently. We then find
the quantum corrections to the QED action.
7.2 Wilsonian renormalization
We Wick rotate to obtain the standard Euclidean metric, so that the action is
S =
∫
d4x(
1
4g2
FµνF
µν + iψ¯ /D ψ).
where raising and lowering of indices is done with the Euclidean metric and where the slash
on a vector quantity Jµ is /J = γ
µJµ, where γ
µ are the Euclidean Dirac matrices.
We choose cutoffs Λ and Λ˜ to be real positive numbers with units of cm−1 and b and b˜
to be two dimensionless real numbers, such that b ≥ 1 and b˜ ≥ 1. These quantities satisfy
Λ > Λ˜ and that Λ2/b ≥ Λ˜2/b˜. We introduce the ellipsoid in momentum space P, which is
the set of points p, such that bp2L + p
2
⊥ < Λ
2. We define the smaller ellipsoid P˜ to be the set
of points p, such that b˜p2L + p
2
⊥ < Λ˜
2. Finally, we define S to be the shell between the two
ellipsoidal surfaces S = P− P˜.
We split our fields into “slow” and “fast” pieces:
ψ(x) = ψ˜(x) + ϕ(x), ψ¯(x) = ˜¯ψ(x) + ϕ¯(x), Aµ(x) = A˜µ(x) + aµ(x), (7.2.1)
where the Fourier components of ψ(x), ψ¯(x) and Aµ(x) vanish outside the ellipsoid P, the
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Fourier components of the slow fields ψ˜(x), ˜¯ψ(x) and A˜µ(x) vanish outside the inner ellipsoid
P˜, and the Fourier components of the fast fields ϕ(x), ϕ¯(x) and aµ(x) vanish outside of the
shell S. Explicitly
ψ˜(x) =
∫
P˜
d4p
(2π)4
ψ(p)e−ip·x, ϕ(x) =
∫
S
d4p
(2π)4
ψ(p)e−ip·x,
˜¯ψ(x) =
∫
P˜
d4p
(2π)4
ψ¯(p)eip·x, ϕ¯(x) =
∫
S
d4p
(2π)4
ψ¯(p)eip·x,
A˜µ(x) =
∫
P˜
d4p
(2π)4
Aµ(p)e
−ip·x, aµ(x) =
∫
S
d4p
2(π)4
Aµ(p)e
−ip·x.
We denote the field strength of the slow fields by F˜µν = ∂µA˜ν−∂νA˜µ. The functional integral
with the ultraviolet cutoff Λ and anisotropy parameter b is
Z =
∫
P
DψDψ¯DAe−S. (7.2.2)
There is no renormalization of a gauge-fixing parameter, because we do not impose a gauge
condition on the slow gauge field. We do impose a Feynman gauge condition on the fast
gauge field. As we show below, counterterms must be included in the action to maintain
gauge invariance. We expect that renormalizability of the the field theory implies that these
have the same form at each loop order; we have not proved this, however.
Before integrating over the fast fields, we must expand the action to second order in these
fields. This expansion is
S = S˜ + S0 + S1 + S2 + S3,
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where
S˜ =
∫
d4x(F˜µν F˜
µν + i ˜¯ψ /D ψ˜),
S0 =
∫
S
d4q
(2π)4
1
2
q2aµ(−q)aµ(q) + i
∫
S
d4q
(2π)4
ϕ¯(−q) /q ϕ(q),
S1 = −
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
[ϕ¯(q)/A(p)ϕ(−q − p)] ,
S2 = −
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
[
ψ¯(p)/a(q)ϕ(−q − p)] ,
S3 = −
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
[ϕ¯(−q − p)/a(q)ψ(p)] . (7.2.3)
Notice that S∗2 = S3. Henceforth, we drop the tildes on the slow fields, denoting these by
ψ, ψ¯ and Aµ, but we keep the tilde on the slow action S˜.
The functional integral (7.2.2) may be written as
Z =
∫
P˜
D ψDψ¯DA e−S˜
∫
S
DϕDϕ¯Da e−S0e−SI (7.2.4)
where the integral of the interaction Lagranigian is SI = S1+S2+S3. To evaluate 7.6.1, we
use the fast-field propagators
〈aµ(p)aν(q)〉 = g
2
q2
gµνδ
(4)(p+ q)(2π)4 ,
〈ϕ(p)ϕ¯(q)〉 = −i/q
q2
δ(4)(p+ q)(2π)4 , (7.2.5)
where the brackets 〈 〉 mean
〈Q〉 =
(∫
S
DϕDϕ¯Da e−S0
)−1 ∫
S
DϕDϕ¯Da Q e−S0 . (7.2.6)
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for any quantity Q. We will ignore an overall free-energy renormalization from the first
factor in (7.2.6). We use the connected-graph expansion
〈e−SI 〉 = exp[−〈SI〉+ 1
2
(〈S2I 〉
− 〈SI〉2)− 1
3!
(〈S3I 〉 − 3〈S2I 〉〈SI〉+ 〈SI〉3) + · · · ], (7.2.7)
for the interaction SI . The terms in the exponent of (7.2.7) are straightforward to evaluate
using (7.2.5). We find
〈S1〉 = 0
and
1
2
〈S21〉 =
∫
P˜
d4p
(2π)4
Πµν(p)Aµ(p)Aν(−p),
where the polarization tensor Πµν(p) is defined as
Πµν(p) =
1
2
∫
S
d4q
(2π)4
Tr
[
/q
q2
γµ
/q + /p
(q + p)2
γν
]
. (7.2.8)
Similarly
〈S2〉 = 〈S3〉 = 0
and
〈S2S3〉 = 〈S3S2〉 =
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
[−(/p + /q)
(p+ q)2
γµ
g2
q2
ψ(p)ψ¯(−p)γµ
]
.
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Thus
1
2
(〈S2S3〉+ 〈S3S2〉) =
∫
P˜
d4p
(2π)4
Σ(p)ψ¯(p)ψ(−p),
where the self-energy correction Σ(p) is
Σ(p) = g2
∫
S
d4q
(2π)4
[
γµ
i(/p + /q)
(p+ q)2
γµ
1
q2
]
=
− 2g2
∫
S
d4q
(2π)4
[
i(/p+ /q)
q2(q + p)2
]
. (7.2.9)
From the cubic term in (7.2.7), we find
− 1
3!
(〈S3I 〉 − 3〈S2I 〉〈SI〉+ 〈SI〉3) = −
1
3!
〈S3I 〉 = −〈S1S2S3〉
=
∫
P˜
d4p
(2π)4
∫
P˜
d4q
(2π)4
ψ¯(p)Γµ(p, q)Aµ(q)ψ(−p− q),
where the vertex correction Γµ(p, q) is
Γµ(p, q) = 2g2
∫
S
d4k
(2π)4
/kγµ(/k + /q)
(k − p)2(k + q)2k2 . (7.2.10)
7.3 Spherical momentum cutoffs
The cutoffs of our theory become isotropic if b, b˜ = 1. Then the region P is a sphere in
momentum space, whose elements pµ satisfy p
2 < Λ2. The region P˜ is also a sphere, whose
elements qµ satisfy q
2 < Λ˜2. The region S is a spherical shell, S = P− P˜.
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The polarization tensor (7.2.8) may be written
Πµν(p) = tr
[
1
2
γµγαγνγβ
∫
S
d4q
(2π)4
qα(qβ + pβ)
q2(q + p)2
]
.
We expand the integrand in powers of p to second order, to find
Πµν(p) = tr
{
1
2
γµγαγνγβ 2π
2
(2π)4
[∫
dq
q3δαβ
4q2
− ∫ dq q3p2δαβ
4q4
− ∫ dq q3pβpγδαγ
2q4
+
∫
dq q
3
6q4
pγpδ(δαβδγδ + δαδδγβ + δαγδβδ)
]}
. (7.3.1)
To obtain (7.3.1), we have used
∫
S
d4q qαqβ = 2π
2
∫ Λ
Λ˜
dq q3
δαβq
2
4
and
∫
S
d4q qαqβqγqδ =
1
24
∫
S
d4q q4(δαβδγδ + δαδδγβ + δαγδβδ),
which follow from O(4) symmetry. Thus the polarization tensor is
Πµν(p) = tr
{
1
2
γµγαγνγβ
1
8π2
[
δαβ
8
(Λ2 − Λ˜2)
− 1
12
(δαβp
2 + 2pαpβ) ln
(
Λ
Λ˜
)]}
. (7.3.2)
We must remove non-gauge-invariant terms, namely those quadratic in the cutoffs, with
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counterterms. The remaining logarithmically-divergent part of (7.3.2) is
Πˆµν(p) = Πµν(p)− Πµν(0)
= tr
[
1
2
γµγαγνγβ
1
8π2
(−1
12
)
(δαβp
2 + 2pαpβ) ln
(
Λ
Λ˜
)]
=
e2
12π2
(gµνp2 − pµpν) ln
(
Λ
Λ˜
)
.
This gauge-invariant contribution satisfies pµΠˆµν(p) = 0. The contribution to the action
associated with this term is
1
2
〈S21〉 =
∫
P˜
d4p
(2π)4
1
12π2
ln
(
Λ
Λ˜
)
(gµνp2 − pµpν)Aµ(−p)Aν(p). (7.3.3)
Equation (7.3.3) gives the effective coupling g˜ for the theory with cutoff Λ˜:
1
4g˜2
=
1
4g2
+
1
12π2
ln
(
Λ
Λ˜
)
.
The self-energy correction (7.6.7) is
Σ(p) = −2g2
∫
S
d4q
(2π)4
(/q + /p)
q2(q + p)2
.
We expand the integrand of Σ(p) in powers of p, which gives
Σ(p) = −2g2 γ
α
8π2
∫
dq
[−pα
2q
+
pα
q
]
= − g
2/p
8π2
ln
(
Λ
Λ˜
)
. (7.3.4)
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The vertex correction (7.6.8) is
Γµ(p, q) = 2g2γαγµγβ
∫
S
d4k
(2π)4
kα(kβ + qβ)
(k − p)2(k + q)2k2 .
Expanding the integrand in powers of p,
Γµ(p, q) = 2g2γαγµγβ
∫
S
d4k
(2π)4
[
δαβ
4k4
− δαβp
2
4k6
− δαβq
2
4k6
+
δαγ
2k6
(qβp
γ − qβqγ)
−δαβδγδ + δαγδβδ + δαδδβγ
6k6
(qγpδ − qγqδ − pγpδ)
]
.
We retain only the divergent part of Γµ(p, q), namely the first term:
Γµ(p, q) = 2g2
γαγµγβ
8π2
δαβ
4
ln
(
Λ
Λ˜
)
=
−g2γµ
8π2
ln
(
Λ
Λ˜
)
. (7.3.5)
7.4 Ellipsoidal momentum cutoffs
Next we consider the more general ellipsoidal case. The integration over S is done by changing
variables from qµ to two variables u and w, with units of momentum squared, and two angles
θ and φ. These variables are defined by
q1 =
√
u cos θ, q2 =
√
u sin θ, q3 =
√
w − u cos φ, q0 =
√
w − u sin φ.
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The integration over these variables is
∫
S
d4q =
1
4
∫ 2π
0
dθ
∫ 2π
0
dφ
[∫ Λ˜2
0
du
∫ b−1Λ2+(1−b−1)u
b˜−1Λ˜2+(1−b˜−1)u
dw
+
∫ Λ2
Λ˜2
du
∫ b−1Λ2+(1−b−1)u
u
dw
]
.
We have a O(2)×O(2) symmetry, generated by the translations θ → θ+dθ and φ→ φ+dφ,
rather than O(4) symmetry.
Our three corrections are expressed in terms of the integrals
Aαβ =
∫
S
d4q
(2π)4
qαqβ
q4
,
Bαβ =
∫
S
d4q
(2π)4
qαqβ
q6
,
Cαβγδ =
∫
S
d4q
(2π)4
qαqβqγqδ
q8
and
D =
∫
S
d4q
(2π)4
1
q4
. (7.4.1)
By inspection we write
Πµν(p) = tr
[
1
2
γµγαγνγβ
[
Aαβ + 4Cαβγδp
γpδ − p2Bαβ − 2Bαγpβpγ
]]
,
Σ(p) = −2g2γα [−2Bαγpγ + pαD]
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and
Γµ = 2g2γαγµγβBαβ .
We use C andD to denote Lorentz indices taking only the values 1 and 2. We use Ω and Ξ
to denote Lorentz indices taking only the values 3 and 0. The integration is straightforward,
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though tedious. We present only the results:
ACD =
δCD
32π2
Λ2
[
1 +
b
(b− 1)2 (1− b+ ln b)
]
− δCD
32π2
Λ˜2
[
1 +
b˜
(b˜− 1)2 (1− b˜+ ln b˜)
]
,
AΩΞ =
δΩΞ
32π2
[
Λ2
(
1
b− 1 −
ln b
(b− 1)2
)
− Λ˜2
(
1
b− 1 −
ln b˜
(b˜− 1)2
)]
,
ACΩ = 0,
BCD =
δCD
32π2
ln
(
Λ
Λ˜
)
− δCD
64π2
[
b2 ln b
(b− 1)2 −
b
b− 1
]
+
δCD
64π2
[
b˜2 ln b˜
(b˜− 1)2 −
b˜
b˜− 1
]
,
BΩΞ =
δΩΞ
32π2
ln
(
Λ
Λ˜
)
− δΩΞ
64π2
[
b(b− 2) ln b
(b− 1)2 +
b
b− 1
]
+
δΩΞ
64π2
[
b˜(b˜− 2) ln b˜
(b˜− 1)2 +
b˜
b˜− 1
]
,
BCΩ = 0,
CCCCC =
1
64π2
ln
(
Λ
Λ˜
)
− 1
128π2
b3
(b− 1)3
(
ln b− 2(b− 1)
b
+
(b− 1)(b+ 1)
2b2
)
+
1
128π2
b˜3
(b˜− 1)3
(
ln b˜− 2(b˜− 1)
b˜
+
(b˜− 1)(b˜+ 1)
2b˜
)
,
C1122 =
CCCCC
3
,
CΩΩΩΩ =
1
64π2
ln
(
Λ
Λ˜
)
− 1
128π2
[
b3
(b− 1)3
(
ln b− 2(b− 1)
b
+
(b− 1)(b+ 1)
2b2
)
+
3b ln b
b− 1 −
3b2 ln b
(b− 1)2 +
3b
b− 1
]
+
1
128π2
[
b˜3
(b˜− 1)3
(
ln b˜− 2(b˜− 1)
b˜
+
(b˜− 1)(b˜+ 1)
2b˜2
)
+
3b˜ ln b˜
b˜− 1 −
3b˜2 ln b˜
(b˜− 1)2 +
3b˜
b˜− 1
]
,
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C0033 =
CΩΩΩΩ
3
,
CCCΩΩ =
1
192π2
ln
(
Λ
Λ˜
)
− 1
384π2
[−2b2 ln b
(b− 1)3 +
b2 ln b+ 2b
(b− 1)2
]
+
1
384π2
[
−2b˜2 ln b˜
(b˜− 1)3 +
b˜2 ln b˜+ 2b˜
(b˜− 1)2
]
,
D =
1
8
ln
(
Λ
Λ˜
)
− 1
16π2
[
b ln b
b− 1 −
b˜ ln b˜
b˜− 1
]
. (7.4.2)
Setting b = b˜ in (7.4.2), we recover the results from the spherical integration done in
Section III. We simplify by setting b = 1 and b˜ ≈ 1, using the expansion b˜ = 1+ ln b˜+ ln2 b˜
2
+
ln3 b˜
3!
+ · · · and ln b˜ = ln b˜− ln2 b˜
2
+ ln
3 b˜
3
− ln4 b˜
4
+ · · · , dropping terms of second order in ln b˜.
The vertex correction is
Γµ (p, q) = 2g2γαγµγβBαβ
= 2g2
(−γµ
16π2
ln
(
Λ
Λ˜
)
− γ
µ
16π2
ln b˜+
gCµγC
32π2
5
6
ln b˜+
gΩµγΩ
32π2
7
6
ln b˜
)
. (7.4.3)
The self-energy correction is
Σ(p) = −2g2γα[−2Bαβpβ + pαD]
= −2g2
[
γµpµ
16π2
ln
(
Λ
Λ˜
)
+
1
32π2
ln b˜
γCpC
6
− 1
32π2
ln b˜
γΩpΩ
6
]
. (7.4.4)
In the next section, we show how these affect the effective action.
The most general gauge-field action which is quadratic in Aµ, is O(2) × O(2) invariant
and gauge invariant, to leading order is
Squadratic =
∫
P
d4p
(2π)4
A(−p)T [a1M1(p) + a2M2(p) + a3M3(p)]A(p),
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where
M1(p) =


p22 −p1p2 0 0
−p1p2 p21 0 0
0 0 0 0
0 0 0 0


,M2(p) =


0 0 0 0
0 0 0 0
0 0 p20 −p3p0
0 0 −p3p0 p23


,
M3(p) =


p2L 0 −p1p3 −p1p0
0 p2L −p2p3 −p2p0
−p1p3 −p2p3 p2⊥ 0
−p1p0 −p2p0 0 p2⊥


, (7.4.5)
and a1, a2 and a3 are real numbers. Any part of the polarization tensor that cannot be
expressed in terms of these matrices (i.e.
∫
P˜
d4p
(2π)4
Aµ(−p)Πµν(p)Aν(p) − Squadratic) must be
removed with counterterms. After some work we find
Πµν(p) = tr
[
1
2
γµγαγνγβ
[
Aαβ + 4Cαβγδp
γpδ − p2Bαβ − 2Bαγpβpγ
]]
=
1
12π2
ln
(
Λ
Λ˜
)
(p21− ppT )µν + 5 ln b˜
48π2
(p21− ppT )µν
+
ln b˜
128π2
[
8
9
M3 +
40
9
M2 − 104
9
M1
+
8
3


(
17
6
p2⊥ +
4
3
p2L
)
12×2 0
0 − (7
6
p2L +
14
3
p2⊥
)
12×2




µν
. (7.4.6)
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This determines a1, a2 and a3, so that
Sdiff =
∫
P˜
d4p
(2π2)
A(−p)TMdiffA(p)
=
∫
P˜
d4p
(2π)2
A(−p)TΠA(p)− Squadratic (7.4.7)
is maximally non-gauge invariant. The matrix Mdiff is the last diagonal matrix in (7.6.6).
The quantity Sdiff is proportional to the local counterterms to include in the action. We find
a1 =
1
12π2
ln
(
Λ
Λ˜
)
+
(
5
48π2
− 1
128π2
104
9
)
ln b˜,
a2 =
1
12π2
ln
(
Λ
Λ˜
)
+
(
5
48π2
+
1
128π2
40
9
)
ln b˜,
and
a3 =
1
12π2
ln
(
Λ
Λ˜
)
+
(
5
48π2
+
1
128π2
8
9
)
ln b˜
In the next section, we show how the action changes under renormalization. We then rescale
to restore the isotropy.
7.5 The rescaled effective action
We define the effective action S ′, which contains the effects of integrating out the fast fields,
by
Z =
∫
P˜
DψDψ¯DAe−S′ =
∫
P˜
DψDψ¯DAe−S˜
∫
S
DϕDϕ¯Da e−S0e−R,
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where S ′ =
∫
d4x [LFermion + Lvertex + Lgauge] =
∫
d4x [LDirac + Lgauge]. To one loop
LFermion = ψ¯i(/∂ − Σ(∂))ψ,
Lvertex = ψ¯(γµ − Γµ)Aµψ
and
Lgauge = 1
4g2
FµνF
µν + Aµ(
3∑
i=1
aiM
µν
i (∂))Aν .
Explicitly, Lvertex is
Lvertex = ψ¯
[
γC
(
1 + g
2
8π2
ln
(
Λ
Λ˜
)
+ g
2
8π2
ln b˜− 5g2
96π2
ln b˜
)
AC
+γΩ
(
1 + g
2
8π2
ln
(
Λ
Λ˜
)
+ g
2
8π2
ln b˜− 7g2
96π2
ln b˜
)
AΩ
]
ψ
= Rψ¯
[
γCAC + λ
g2
24pi2R˜γΩAΩ
]
ψ,
where
R = R˜ +
(
g2
8π2
− 5g
2
96π2
)
ln b˜ ≈ R˜b˜ 7g
2
96pi2R˜ = R˜λ−
7g2
48pi2R˜ ,
and
R˜ = 1 +
g2
8π2
ln
(
Λ
Λ˜
)
,
for small ln b˜, where we have identified b˜ = λ−2.
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The term LFermion, which contains the self-energy correction:
LFermion = ψ¯i
[
γC∂C
(
1 + g
2
8π2
ln
(
Λ
Λ˜
)
+ g
2
8π2
ln b˜− 5g2
96π2
ln b˜− g2
16π2
ln b˜
)
+γΩ∂Ω
(
1 + g
2
8π2
ln
(
Λ
Λ˜
)
+ g
2
8π2
ln b˜− 5g2
96π2
ln b˜− g2
12π2
ln b˜
)]
ψ
= R′ψ¯i
[
γC∂C + λ
g2
24pi2R˜γΩ∂Ω
]
ψ,
where
R′ = Rb˜−
g2
16pi2R˜ = Rλ
g2
8pi2R˜ .
For consistency, we write Lvertex in terms of R′,
Lvertex = R′λ−
g2
8pi2R˜ ψ¯
[
γCAC + λ
g2
24pi2R˜γΩAΩ
]
ψ.
We must rescale the gauge field by
λ
−g2
8pi2R˜Aµ → Aµ, (7.5.1)
to express LDirac = LFermion + Lvertex in terms of a covariant derivative. This rescaling also
affects Lgauge. We now have
LDirac = R′ψ¯i
[
γCDC + λ
g2
24pi2R˜γΩDΩ
]
ψ.
Rescaling the spinor field by
R′λ−1+
g2
24pi2R˜ ψ¯ψ → ψ¯ψ,
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gives us the form
LDirac = ψ¯i
[
λ1−
g2
24pi2R˜γCDC + γ
ΩDΩ
]
ψ. (7.5.2)
Including vacuum-polarization corrections, Lgauge becomes
Lgauge =
(
1
4g2
+ 1
12π2
ln
(
Λ
Λ˜
)
+ 1
9π2
ln b˜
)
(F 201 + F
2
02 + F
2
13 + F
2
23)
+
(
1
4g2
+ 1
12π2
ln
(
Λ
Λ˜
)
+ 1
9π2
ln b˜+ 1
36π2
ln b˜
)
F 203
+
(
1
4g2
+ 1
12π2
ln
(
Λ
Λ˜
)
+ 1
9π2
ln b˜− 7
72π2
ln b˜
)
F 212.
We introduce the effective coupling geff ,
1
g2eff
=
1
g˜2
+
4
9π2
ln b˜ ≈ 1
g˜2
b˜
4g˜2
9pi2 =
1
g˜2
λ
−8
9pi2
g˜2 ,
where
1
g˜2
=
1
g2
+
1
3π2
ln
(
Λ
Λ˜
)
.
(7.5.3)
Then
Lgauge = 1
4g2eff
(
F 201 + F
2
02 + F
2
13 + F
2
23 + λ
− 2
9pi2
g˜2F 203 + λ
7
9pi2
g˜2F 212
)
.
We finally rescale the gauge field with the factor from (7.5.1),
F 2µν → λ
g2
4pi2R˜F 2µν ,
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and define a new effective coupling g′eff that absorbs this factor
1
g′2eff
=
1
g˜2
λ−
8
9pi2
g˜2+ g
2
4pi2R˜ , (7.5.4)
Lgauge = 1
4g′2eff
(
F 201 + F
2
02 + F
2
13 + F
2
23 + λ
− 2
9pi2
g˜2F 203 + λ
7
9pi2
g˜2F 212
)
. (7.5.5)
Our final result, after longitudinal rescaling and Wick-rotating back to Minkowski space-
time is
L = LDirac + Lgauge = ψ¯i
[
λ1−
g2
12pi2R˜γCDC + γ
ΩDΩ
]
ψ
+ 1
4g′2eff
(
F 201 + F
2
02 − F 213 − F 223 + λ−2−
2
9pi2
g˜2F 203 − λ2+
7
9pi2
g˜2F 212
)
. (7.5.6)
7.6 Wilsonian renormalization of QCD
We now examine the quantum longitudinal rescaling of a non-Abelian gauge theory. We
start with the Euclidean action
S = Sgauge + SDirac,
where
Sgauge =
1
4g20
∫
d4xF µνFµν ,
130
CHAPTER 7. ANISOTROPIC RENORMALIZATION GROUP FOR GAUGE
THEORIES
SDirac =
∫
d4x ψ¯γµDµψ,
where now Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ].
We write the gauge field as Aµ = A
a
µt
a where ta are the SU(N) generators, with a =
1, . . . , N2− 1. These generators satisfy [ta, tb] = ifabctc, and are normalized by Tr tatb = δab.
The field strength is then Fµν = F
a
µνt
a, where F aµν = ∂µA
a
ν − ∂νAaµ + ifabcAbµAcν .
We split the fields into “fast” pieces that lie in the region of momentum S and “slow”
pieces with momentum in the region P˜:
ψ˜(x) =
∫
P˜
d4p
(2π)4
ψ(p)e−ip·x, ϕ(x) =
∫
S
d4p
(2π)4
ψ(p)e−ip·x,
˜¯ψ(x) =
∫
P˜
d4p
(2π)4
ψ¯(p)eip·x, ϕ¯(x) =
∫
S
d4p
(2π)4
ψ¯(p)eip·x,
A˜µ(x) =
∫
P˜
d4p
(2π)4
Aµ(p)e
−ip·x, aµ(x) =
∫
S
d4p
2(π)4
Aµ(p)e
−ip·x.
The covariant derivative and the field strength become
Dµ = ∂µ − iA˜µ − iaµ = D˜µ − iaµ,
and
Fµν = F˜µν + [D˜µ, aν ]− [D˜ν , aµ]− i[aµ, aν ],
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respectively, where F˜µν = i[D˜µ, D˜ν ]. The pure gauge action is
Sgauge =
∫
d4x
1
4g20
(
F˜µνF˜
µν − 4[D˜µ, F˜ µν ]aν
+
(
[D˜µ, aν ]− [D˜ν , aµ]
)(
[D˜µ, aν ]− [D˜ν , aµ]
)
− 2iF˜ µν [aµ, aν ]
)
,
to quadratic order in aµ.
To do perturbation theory, we add a gauge-fixing term 1
2g20
∫
d4xTr [D˜µ, aµ]
2 to the action.
This reduces the gauge symmetry of the fast fields, and means that we must also introduce
Faddeev-Popov ghost fields. The Yang-Mills action becomes
Sgauge =
1
4g20
∫
d4xF˜µνF˜
µν +
1
2g20
∫
d4x
(
[D˜µ, aν ][D˜
µ, aν ]− 2iF˜ µν [aµ, aν ]
)
.
The expansion of the quark-field action into slow and fast components is
SDirac =
∫
d4x
(
˜¯ψ /∂ ψ˜ + ϕ¯ /∂ ϕ+ ϕ¯ /˜Aϕ+ ˜¯ψ /aϕ+ ϕ¯ /a ψ˜
)
.
The action is that of free slow and fast fields plus interaction terms
S = S˜ + S0 + SI + SII + S1 + S2 + S3 + Sghost,
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where
S˜ =
1
4g40
∫
d4xF˜µν F˜
µν +
∫
d4x ˜¯ψ /∂ψ˜,
S0 =
1
2g20
∫
S
d4q
(2π)2
q2abµ(−q)aµ b(q)− i
∫
S
d4q
(2π)4
ϕ¯(−q)/qϕ(q),
SI =
i
2g20
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
qµfbcda
b
ν(q)A˜
c
µ(p)a
ν d(−q − p)
+
1
2g20
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
∫
P˜
d4l
(2π)4
fbcdfbfga
d
ν(q)A˜
c
µ(p)A˜
µ f (l)aν g(−q − p− l),
SII =
1
2g20
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
fbcda
b
µ(q)F˜
µν c(p)adν(−p− q),
S1 =
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
ϕ¯(p)/A(q)ϕ(−q − p),
S2 =
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
˜¯ψ(p)/a(q)ϕ(−q − p),
S3 = S
∗
2 =
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
ϕ¯(−q − p) /a(q)ϕ(p)
and the ghost action, needed to have the correct measure on the fast field, is
Sghost =
i
g20
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
qµfbcdG
b(q)A˜cµ(p)H
d(−q − p)
+
1
2g20
∫
S
d4q
(2π)4
∫
P˜
d4p
(2π)4
∫
P˜
d4l
(2π)4
fbcdfbfgG
d(q)A˜cµ(p)A˜
f
µ(l)H
g(−q − p).
The interaction is therefore Sint = SI + SII + S1 + S2 + S3 + Sghost.
We start with the functional integral
Z =
∫
P˜
Dψ˜D ˜¯ψDA˜ e−S˜
∫
S
DϕDϕ¯Da e−S0−Sint, (7.6.1)
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and integrate out the fast fields ϕ, ϕ¯ and a, to obtain an effective action, S ′, defined by
e−S
′
= e−S˜
∫
S
DϕDϕ¯Da e−S0−Sint. (7.6.2)
Then the functional integral in terms of slow degrees of freedom only is
Z =
∫
P˜
Dψ˜D ˜¯ψDA˜e−S′.
The Green’s functions of the slow fields ψ, ψ¯ and A˜, with action S ′ are unchanged from the
same Green’s functions in the original theory.
The effective action is given explicitly by S ′ = S˜ − ln〈e−Sint〉, which we evaluate using
the connected-graph expansion, as in Section (7.2). The fast-field propagators are
〈abµ(q)acν(p)〉 = g20δbcδµνδ4(q + p)q−2(2π)4, 〈ϕ(p)ϕ¯(q)〉 =
i /q
q2
δ4(p+ q)(2π)4.
We first consider all the contributions quadratic in the slow gauge field, i.e. vacuum
polarization. One contribution comes from the interactions SI and Sghost:
〈SI〉 − 12 (〈S2I 〉 − 〈SI〉2) + 〈Sghost〉 − 12
(〈S2ghost〉 − 〈Sghost〉2)
= CG
4
∫
P˜
d4p
(2π)4
A˜bµ(−p)A˜bν(p)Pµν(p),
where
Pµν(p) =
∫
S
d4p
(2π)4
[
−qµ(pν + 2qν)
4q2(q + p)2
+
δµν
4q2
]
,
and CG is the quadratic Casimir operator in the adjoint representation, defined by CGδ
bh =
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f bcdfhcd. The tensor Pµν(p) is not symmetric under exchange of indices. We define the
integral Iα(p) by
Iα(p) =
∫
S
d4q
(2π)4
pα + 2qα
q2(q + p)2
and notice that Iα(p)+Iα(−p) = 0 (we can see this by changing the sign of q in the integrand).
We can then use this to replace the tensor Pµν(p) by the manifestly symmetric tensor Π
1
µν(p):
〈SI〉 − 12 (〈S2I 〉 − 〈SI〉2) + 〈Sghost〉 − 12
(〈S2ghost〉 − 〈Sghost〉2)
=
∫
P˜
d4p
(2π)4
A˜bµ(−p)A˜bν(p)Π1µν(p), (7.6.3)
where
Π1µν(p) = CG
∫
S
d4q
(2π)4
[
−(pµ + 2qν) (pν + 2qµ)
8q2(p+ q)2
+
δµν
4q2
]
.
A second contribution to vacuum polarization comes from
−1
2
(〈S2II〉 − 〈SII〉2) = −CG2
∫
P˜
d4p
(2π)2
F˜ bµν(−p)F˜ bµν(p)
∫
S
d4q
(2π)2
1
q2(p+q)2
. (7.6.4)
The third and final contribution to vacuum polarization comes from integration over the fast
quark field:
− 1
2
(〈S21〉 − 〈S21〉2) =
∫
P˜
d4p
(2π)2
A˜bµ(−p)A˜bν(p)Π3µν(p), (7.6.5)
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where
Π3µν(p) =
Nf
2
∫
S
d4q
(2π)2
Tr
[
/q
q2
γµ
/q + /p
(q + p)2
γν
]
,
and Nf is the number of flavors. Combining (7.6.3), (7.6.4) and (7.6.5), we find the vacuum-
polarizaton contribution:
∫
P˜
d4p
(2π)2
A˜bµ(−p)A˜bν(p)Πµν(p), (7.6.6)
where
Πµν(p) = Π
1
µν(p) + Π
2
µν(p) + Π
3
µν(p),
and
Π2µν(p) = (p
2δµν − pµpν)CG
∫
S
−1
2q2(p+ q)2
.
The quark self-energy contribution, which comes from the interactions S2 and S3, is
− 1
2
(〈S2S3〉+ 〈S3S2〉) =
∫
P˜
d4p
(2π)2
Σ(p) ˜¯ψ(p) ˜ψ(p), (7.6.7)
where
Σ(p) = 2g20
∫
S
d4q
(2π)4
[
i(/p+ /q)
q2(p+ q)2
]
.
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The quark-gluon vertex receives a correction from
1
3!
(〈S1S2S3〉 − 〈S2S3〉〈S1〉 − 〈S3S2〉〈S1〉)
+ 1
3!
(〈SIS2S3〉 − 〈S2S3〉〈SI〉 − 〈S3S2〉〈SI〉)
=
∫
P˜
d4q
(2π)4
∫
P˜
d4p
(2π)4
˜¯ψ(p)Γµa(p, q)A˜aµ(q)ψ˜(−q − p), (7.6.8)
where
Γµa(p, q) = −2g20ta
∫
S
d4k
(2π)4
/kγµ(/k + /q)
(k − p)2(k + q)2k2 .
7.7 QCD with spherical cutoffs
As we did for QED, we can recover spherical cutoffs by setting b = b˜ = 1. We expand
Πµν(p),Σ(p) and Γ
µ a(p, q) in powers of the slow momenta, treating momenta in P˜ as much
smaller than momenta in S. This gives
Πµν(p) = Π
1
µν(p) + Π
2
µν(p) + Π
3
µν(p),
Π1µν(p) = CG
[
δµν
4
E − 1
2
Aµν +
pµpα
2
Bνα +
pνpα
2
Bνα +
pνpα
2
Bµα − pµpν8 D
+p
2
2
Bµν − 2pαpβCαβµν
]
,
Π2µν(p) = −12(p2gµν − pµpν)CGD,
Π3µν(p) =
Nf
2
Tr γµγαγνγβ
[
Aαβ + 4Cαβγδp
γpδ − p2Bαβ − 2Bαγpβpγ
]
,
Σ(p) = 2g20Nfγ
α
[−2Bαβpβ + pαD] ,
Γµa = −2g20Nf taγαγµγβBαβ , (7.7.1)
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where
Aαβ =
∫
S
d4q
(2π)4
qαqβ
q4
, Bαβ =
∫
S
d4q
(2π)4
qαqβ
q6
,
Cαβγδ =
∫
S
d4q
(2π)4
qαqβqγqδ
q8
, D =
∫
S
d4q
(2π)4
1
q4
, E =
∫
S
d4q
(2π)4
1
q2
. (7.7.2)
The integrals (7.7.2) are invariant under O(4) rotation symmetry. This allows us to write
∫
S
d4q qαqβ =
π2
2
∫ Λ
Λ˜
dq δαβ q
2 , (7.7.3)
and
∫
S
d4q qαqβqγqδ =
1
24
∫
S
d4q q4(δαβδγδ + γαδδγβ + δαγδβδ). (7.7.4)
Using (7.7.3) and (7.7.4) we solve (7.7.1):
Πµν(p) = − 11CG192π2 (p2δµν − pµpν) ln ΛΛ˜ +
Nf
12π2
(p2δµν − pµpν) ln ΛΛ˜
+ CG
128π2
(Λ2 − Λ˜2)δµν − Nf16π2 (Λ2 − Λ˜)δµν ,
Σ(p) = g20Nf
γµpµ
8π2
ln Λ
Λ˜
,
Γaµ = g20Nf t
a γµ
8π2
ln Λ
Λ˜
. (7.7.5)
The terms in the polarization tensor that are quadratic in the cutoffs produce corrections
to the action that break gauge invariance. We can fix this problem by introducing mass
counterterms in the action at each scale to cancel these. We keep the gauge invariant part
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of the polarization tensor, which we call Πˆµν(p), and is defined by
Πˆµν(p) = Πµν(p)− Πµν(0).
The resulting action for the slow fields has the coupling g˜, given by
1
4g˜2
=
1
4g20
− 11CG
192π2
ln
Λ
Λ˜
+
Nf
12π2
ln
Λ
Λ˜
, (7.7.6)
which is the standard result.
7.8 QCD with ellipsoidal cutoffs
In this section, we generalize to the case where the region S is an ellipsoidal shell. We have
already found the results for the integrals Aαβ , Bαβ , Cαβγδ, and D in Eq. (7.4.2). The result
for the remaining integral is
E =
1
16π2
(
Λ2 ln b
b− 1 −
Λ˜2 ln b˜
b˜− 1
)
.
We take b = 1 and b˜ ≈ 1. We expand b˜ = 1+ ln b˜+ ln2 b˜
2!
+ · · · and ln b˜ = ln b˜− ln2 b˜
2
+ · · · ,
keeping only the first-order terms in ln b˜.
The self-energy correction is
Σ(p) = 2g20
[
γµpµ
16π2
ln
Λ
Λ˜
+
1
32π2
ln b˜
γCpC
6
− 1
32π2
ln b˜
γΩpΩ
6
]
. (7.8.1)
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The vertex correction is
Γµa = −2g20ta
[−γµ
16π2
ln
Λ
Λ˜
− γ
µ
16π2
ln b˜+
gCµγC
32π2
5
6
ln b˜+
gΩµγΩ
32π2
7
6
ln b˜
]
. (7.8.2)
The general form of the quadratic part of the renormalized gauge field action, which is
invariant under O(2)×O(2) and gauge symmetry is
Squadratic =
∫
P˜
d4p
(2π)4
A(−p)T [a1M1(p) + a2M2(p) + a3M3(p)]A(p),
where the matrices M1,2,3(p) are defined in Eq. (7.4.5), and the coefficients a1, a2 and a3
are real numbers. We extract these coefficients from the polarization tensor. Any part that
cannot be expressed in terms of (7.4.5) (i.e. Sdiff =
∫
P˜
d4p
(2π)4
Aµ(−p)Πµν(p)Aν(p)− Squadratic)
must be removed with counterterms in the action. The coefficients ai are selected such that
Sdiff is maximally non-gauge invariant. From the polarization tensor in Eq. (7.7.1), we find
a1 = − 11CG
192π2
ln
Λ
Λ˜
+
Nf
12π2
ln
Λ
Λ˜
− 1
64π2
31
9
CG ln b˜
+
(
5
48π2
− 1
128π2
104
9
)
Nf ln b˜,
a2 = − 11CG
192π2
ln
Λ
Λ˜
+
Nf
12π2
ln
Λ
Λ˜
− 1
64π2
67
9
CG ln b˜+(
5
48π2
+
1
128π2
40
9
)
Nf ln b˜,
a3 = − 11CG
192π2
ln
Λ
Λ˜
+
Nf
12π2
ln
Λ
Λ˜
− 1
64π2
59
9
CG ln b˜+(
5
48π2
+
1
128π2
8
9
)
ln b˜, (7.8.3)
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and
Mdiff
=
CG ln b˜
64π2


− 1
12
p21 − 12p22 + 712p+ L2 0
0 −1
2
p21 − 112p22 + 712p2L
0 0
0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0
0 0
7
12
p2⊥ +
17
12
p23 +
5
6
p20 0
0 7
12
p2⊥ +
5
6
p23 +
17
12
p20


+
Nf ln b˜
128π2
8
3


17
6
p2⊥ +
4
3
p2L 0 0 0
0 17
6
p2⊥ +
4
3
p2L 0 0
0 0 −7
6
p2L − 143 p2⊥ 0
0 0 0 −7
6
p2L − 143 p2⊥


,
where Mdiff is defined as
Sdiff =
∫
P˜
d4p
(2π)4
A(−p)TMdiffA(p).
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7.9 The QCD renormalized action
We next put together the results of the previous section to obtain the action S ′, defined in
(7.6.2). This action is
S ′ =
∫
d4xLquarks + Lvertex + Lgauge =
∫
d4xLDirac + Lgauge,
where to one loop,
Lquarks = ˜¯ψi(/∂ + Σ(∂))ψ˜,
Lvertex = ˜¯ψ(γµta + Γµa)A˜aµψ˜,
and
Lgauge = 1
4g20
F˜µνF˜
µν + A˜µ
[
3∑
i=1
aiM
µν
i (∂)
]
Aν . (7.9.1)
Substituting (7.8.2) into (7.9.1) yields
Lvertex = R ˜¯ψ
[
γC
(
1 +
Nfg
2
0
8π2
ln
Λ
Λ˜
+
Nfg
2
0
8π2
ln b˜− Nf5g
2
0
96π2
ln b˜
)
AC
+γΩ
(
1 +
Nfg
2
0
8π2
ln
Λ
Λ˜
+
Nfg
2
0
8π2
ln b˜− Nf7g
2
0
96π2
ln b˜
)
AΩ
]
ψ˜
= R ˜¯ψ
(
γCAC + λ
Nfg
2
0
24pi2R˜γΩAΩ
)
ψ˜,
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where
R = R˜ +Nf
(
g20
8π2
− 5g20
96π2
)
ln b˜ ≈ R˜b˜
7Nf g
2
0
96pi2R˜ = R˜λ−
7Nfg
2
0
48pi2R˜ ,
R˜ = 1 +
Nf
8π2
g20 ln
Λ
Λ˜
, (7.9.2)
and where we have identified b˜ = λ−2 and dropped terms of order (ln b˜)2.
We substitute (7.8.1) into (7.9.1) to find
Lquarks = ˜¯ψ
[
γC∂C
(
1 +
Nfg
2
0
8π2
ln
Λ
Λ˜
+
Nfg
2
0
8π2
ln b˜− 5Nfg
2
0
96π2
ln b˜− Nfg
2
0
16π2
ln b˜
)
+γΩ∂Ω
(
1 +
Nfg
2
0
8π2
ln
Λ
Λ˜
+
Nfg
3
0
8π2
ln b˜− 5Nfg
2
0
96π2
ln b˜− Nfg
2
0
12π2
ln b˜
)]
ψ˜
≈ R′ ˜¯ψ i
[
γC∂C + λ
Nfg
2
0
24pi2R˜γΩ∂Ω
]
ψ˜,
where
R′ = Rλ
Nfg
2
0
8pi2R˜ . (7.9.3)
To make the effective action manifestly gauge invariant, we need to LDirac = Lquarks +
Lvertex in terms of covariant derivatives. We accomplish this by redefining
λ−
Nfg
2
0
8pi2R˜ A˜µ → A˜µ, R′λ−1+
Nfg
2
0
24pi2R˜
˜¯ψψ˜ → ψ¯ψ, (7.9.4)
so that
LDirac = ψ¯ i
(
λ1−
Nfg
2
0
24pi2R˜γCDC + γ
ΩDΩ
)
ψ.
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The factor absorbed by the gauge field in the rescaling (7.9.4) modifies the pure gauge action.
We notice that this factor depends on the effective coupling g0
R˜
instead of the coupling g˜ from
(7.7.6). This is because the factor from (7.9.4) arises from the quark self energy and the
vertex corrections, instead of the vacuum polariztion.
Substituting (7.8.3) into (7.9.1) gives us
Lgauge = 1
4
(
1
g20
− 11
48π2
CG ln
Λ
Λ˜
+
1
12π2
Nf ln
Λ
Λ˜
− 1
64π2
59
9
CG ln b˜+
1
9π2
Nf ln b˜
)
(F˜ 201 + F˜
2
02 + F˜
2
13 + F˜
2
23)
+
1
4
(
1
g20
− 11
48π2
CG ln
Λ
Λ˜
+
1
12π2
Nf ln
Λ
Λ˜
− 1
64π2
31
9
CG ln b˜
+
1
9π2
Nf ln b˜− 7
72π
Nf ln b˜
)
F˜ 212
1
4
(
1
g20
− 11
48π2
CG ln
Λ
Λ˜
+
1
12π2
Nf ln
Λ
Λ˜
− 1
64π2
67
9
CG ln b˜
+
1
9π2
Nf ln b˜+
1
36π2
Nf ln b˜
)
F˜ 203.
The pure gauge Lagrangian is then
Lgauge = 1
4g2eff
(
F˜ 201 + F˜
2
02 + F˜
2
13 + F˜
2
23 + F˜
2
03λ
CG
32pi2
8
9
g˜2−
2Nf
9pi2
g˜
+F˜ 212λ
−
CG
32pi2
28
9
g˜2+
7Nf
9pi2
g˜2
)
,
where
g2eff = g˜
2λ−
CG
32pi2
59
9
g˜2+
8Nf
9pi2
g˜2+
Nfg
2
0
4pi2R˜ , (7.9.5)
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and
1
g˜2
=
1
g20
− 11
48π2
CG ln
Λ
Λ˜
+
Nf
3π2
ln
Λ
Λ˜
.
The last term in the powers of λ in (7.9.5) comes from the redefinitions (7.9.4).
Finally, we longitudinally rescale the slow fields, after removing the tildes, and Wick
rotating back to real space. The effective action is given by Seff =
∫
d4xLeff , where
Leff = 1
4g2eff
(
F 201 + F
2
02 − F 213 − F 223 + λ−2+
CG
36pi2
g˜2−
2Nf
9pi2
g˜2F 203
−λ2− 7CG72pi2 g˜2+
7Nf
9pi2
g˜2F 212
)
+ψ¯α i
(
λ1−
Nfg
2
0
12pi2R˜γCDC + γ
ΩDΩ
)
ψα, (7.9.6)
where the label α = 1, 2, ..., Nf denotes the flavors of quarks.
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Discussion
In this final chapter, we present a brief discussion of the new results found in this thesis, and
discuss possible future research problems.
Our first original results are the form factors and correlation functions of the principal
chiral sigma model. We were able to find all the exact form factors of the Noether current
and energy-momentum tensor operators in the ’t Hooft large-N limit. We then calculated
the exact two-point function of these operators, using the new results. This model is the
only example of a field theory of propagating particles which has been completely solved
(in the sense that correlation functions are known) in the planar limit. The only other
theories solved in this limit are (0+1)-dimensional matrix models. There is hope that N=4
gauge theories will be completely solved in the ’t Hooft limit, but this program is not yet
finished [59]. The planar limit is much harder to solve than the large-N limit of iso-vector
theories (such as the O(N) sigma model or the SU(N) Chiral-Gross-Neveu model).
At finite values of N , our results are much less ambitious. We are able to find only the
two-excitation form factors. In the future it might be possible to calculate form factors with
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more particles using a more sophisticated method, like the nested off-shell Bethe Ansatz [22].
It would be interesting in the future to study PCSM in a finite volume, with periodic
boundary conditions, in the ’t Hooft limit. One can try to find the spectrum of energies as
a function of the PCSM mass gap and the length of the x1 direction using the Bethe ansatz,
which would be greatly simplified at large N . Some work in this direction has been done for
N = 2 and N = 3 by Kazakov and Leurent [60].
The simplest non-integrable model we examined was (1+1)-dimensional massive Yang-
Mills theory. We saw that in the axial gauge, this model reduces to a principal chiral sigma
model perturbed with a current-current interaction. The excitations are confined hadron-
like states. Using the exact S-matrix of the sigma model we calculated the meson spectrum
in the non-relativistic limit. As we discussed in Chapter 5, in the future we would like to
calculate relativistic corrections to this spectrum. We can use the exact Noether current
form factors to write a Bethe-Salpeter equation. One can compute corrections to the bound
state masses in powers of 1/c, solving the Bethe-Salpeter equation perturbatively.
In Chapter 6, we use the exact results from the PCSM to compute physical quantities in
anisotropic (2+1)-dimensional Yang-Mills theory. These calculations have been done before
for N = 2, using the S-matrix and form factors of the O(4) nonlinear sigma model, in
References [1], [2], [3]. In this thesis, we use our new result for the two-excitation form factor
to generalize these results for N > 2. We computed the first corrections in powers of the
rescaling parameter λ, for the string tension of a static quark-antiquark pair. The theory
is not 90-degrees rotation invariant, so the string tension is different if the particles are
separated in the x1 or the x2 direction. We also calculated the low-lying glueball spectrum.
This result proved to be very similar to the meson-spectrum of (1+1)-dimensional massive
Yang-Mills.
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In the future we hope to examine the partition function of (2+1)-Yang-Mills Theory
in powers of λ, away from the integrable limit, in the context of form factor perturbation
theory [48]. This involves computing matrix elements 〈Ψ′|H1|Ψ〉. This is equivalent to
evaluating Noether current correlation functions between the states of the principal chiral
model. This is can be done with our form factors from Chapter 4.
The isotropic theory can be examined through the truncated spectrum approach. This
was used by R.M. Konik and Y. Adamov to explore the 3-dimensional Ising model as an
array of coupled 2-dimensional Ising chains [61]. One can discretize the spectrum of the
(1+1)-dimensional models by putting them in a box of finite size. The physical states are
then ordered by energy, as |1〉, |2〉, . . . , |n〉, with energies E1 < E2 < · · · < En, respectively,
where En is the truncation energy.
We can define a transfer-matrix operator that describes how the system evolves in the
x2 direction, as
Tˆx2−a, x2 = e
− 1
2
H0(x2−a)−
1
2
H0(x2)−λ2H1(x2, x2−a).
In the truncated spectrum approach one can build a discrete, n×nmatrix Tij = 〈i|Tˆx2−a, x2 |j〉,
using the set of states with energies Ei, Ej ≤ En. The Yang-Mills partition function is
Z = Tr TN2,
where N2 is the total number of sigma models (the size of the x
2 direction). The partition
function can be computed by diagonalizing the matrix Tij , which can be done numerically,
or perturbatively in powers of λ. One can extract the mass spectrum this way, and examine
their dependence on the truncation energy En.
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CHAPTER 8. DISCUSSION
In Chapter 7, we explored the quantum effects of longitudinal rescaling in gauge theories.
By rescaling some of the longitudinal coordinates, the ultraviolet momentum cutoffs become
ellipsoidal, rather than spherical. We devise an anisotropic version of Wilson’s renormaliza-
tion group, which illustrates how the parameters of the theory flow as the momentum cutoffs
become anisotropic. We explicitly computed the quantum longitudinally rescaled actions of
QED and QCD with massless fermions in 3+1 dimensions.
One obvious future project would be study the anisotropic renormalization group in
2+1 dimensions. We also hope in to future to find a gauge-invariant method of calculating
the longitudinally-rescaled action. This may be possible with some version of dimensional
regularization, where the number of longitudinal and transverse dimensions can vary inde-
pendently. The background-field method could be used instead of Wilsonian renormalization
with sharp momentum cutoffs. This would eliminate the need for counter terms to maintain
gauge invariance.
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